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Abstract 

We study two classes of dynamical systems with holes: expanding maps of the 
interval and Collet-Eckmann maps with singularities. In both cases, we prove that 
there is a natural absolutely continuous conditionally invariant measure fi {a.c.c.i.m.) 
with the physical property that strictly positive Holder continuous functions converge 
to the density of /i under the renormalized dynamics of the system. In addition, we 
construct an invariant measure supported on the Cantor set of points that never 
escape from the system, that is ergodic and enjoys exponential decay of correlations 
for Holder observables. We show that v satisfies an equilibrium principle which implies 
that the escape rate formula, familiar to the thermodynamic formalism, holds outside 
the usual setting. In particular, it holds for Collet-Eckmann maps with holes, which 
are not uniformly hyperbolic and do not admit a finite Markov partition. 

We use a general framework of Young towers with holes and first prove results about 
the a.c.c.i.m. and the invariant measure on the tower. Then we show how to transfer 
results to the original dynamical system. This approach can be expected to generalize 
to other dynamical systems than the two above classes. 

1 Introduction 

Dynamical systems with holes are examples of systems whose domains are not invariant under 
the dynamics. Important questions in the study of such open systems include: what is the 
escape rate from the phase space with respect to a given reference measure? Starting with an 
initial probability measure /iq and letting /x^ denote the distribution at time n conditioned 
on not having escaped, does /i„ converge to some limiting distribution independent of Hq! 
Such a measure, if it exists, is a conditionally invariant measure. 
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These questions have been addressed primarily for uniformly expanding or hyperbolic 
systems which admit finite Markov partitions: expanding maps on |PYt ICMSlt ICMS2j ; 
Smale horseshoes [UHO]; Anosov diffeomorphisms [UMTl \CM2i ICMTll [UMT2] : billiards 
with convex scatterers satisfying a non-eclipsing condition [LolVH [R] ; and large parameter 
logistic maps whose critical point maps out of the interval [HYj . 

Requirements on Markov partitions have been dropped for expanding maps of the interval 
|BaK[ \CV\ \LiM\ IDlj : and more recently for piecewise uniformly hyperbolic maps in two 
dimensions [DLj . Nonuniformly hyperbolic systems have been studied in the form of logistic 
maps with generic holes |D2j . Typically a restriction on the size of the hole is introduced in 
order to control the dynamics. 

A central object of study in these open systems is the conditionally invariant measure 
mentioned previously. Given a self- map T of a measure space X, we identify a set if C X 
which we call the hole. Once the image of a point has entered H, we do not allow it to 
return. Define X = X\H and T = T\^^f-ij^. A probability measure n is called conditionally 
invariant if it satisfies 

/x(T-M) 

for each Borel A O X. Iterating this relation and setting A = fi{T'^X), we see that 
li{T~'^A) = X"'fi{A). The number A is called the eigenvalue of /i and — log A represents its 
exponential rate of escape from X. 

If /i is absolutely continuous with respect to a reference measure m, we call an absolutely 
continuous conditionally invariant measure and abbreviate it by a.c.c.i.m. 

In |Dlj and |D2j . the author constructed Young towers to study expanding maps of 
the interval and unimodal Misiurewicz maps with small holes. The systems were shown to 
admit an a.c.c.i.m. with a density unique in a certain class of densities and converging to the 
SRB measure of the closed system as the diameter of the hole tends to zero. However, left 
open in these papers was the question of what class of measures converges to the a.c.c.i.m. 
under the (renormalized) dynamics of T. This question is especially important for open 
systems since even for well-behaved hyperbolic systems, many a.c.c.i.m. may exist with 
overlapping supports and arbitrary escape rates |DY] . Thus it is essential to distinguish 
a natural a.c.c.i.m. which attracts a reasonable class of measures, including the reference 
measure. 

The purpose of this paper is two- fold. First, we prove that for a large class of systems 
with holes, including 

1. C^+° expanding maps of the interval (see Theorem l2.1Up . and 

2. multimodal CoUet-Eckmann maps with singularities (see Theorem 12.121) . 

all Holder continuous densities / which are bounded away from zero converge exponentially 
to the a.c.c.i.m. under the renormalized dynamics of T. To be precise, if C is the transfer op- 
erator associated with T and | ■ |i the L^(m)-norm, then C^f/\C^f\i converges exponentially 
to the density of /x as n — oo. Although similar results are known for expanding maps 
with holes [CVt ILiM] . they are completely new for multimodal maps, and even for unimodal 
maps without singularities. In addition, we strengthen the results on the dynamics of the 
tower which were used in |Dlj and [D2j . 



2 



Second, we study the set of nonwandering points of each system: the (measure zero) 
set of points, X°°, which never enter the hole. We construct an ergodic invariant probabil- 
ity measure 9 supported on X°° which enjoys exponential decay of correlations on Holder 
functions. The measure u is characterized by a physical limit and satisfies an equilibrium 
principle. This implies the generalized escape rate formula for both classes of systems in 
question. 



where A represents the exponential rate of escape from X with respect to the reference 
measure rh, hu{T) is the metric entropy of T with respect to z/, and JT is the Jacobian of T 
with respect to m. 

This formula is well-known when the usual thermodynamic formalism applies (in the 
presence of a finite Markov partition) (B^ EH ICMTl l(MT2l KMSlj . In [Bik] . an equi- 
librium principle was established for piecewise expanding maps with generalized potentials 
of bounded variation. The paper |BrK] deals with equilibrium states of the unbounded po- 
tential — tlog|T'|, t ^ 1, for CoUet-Eckmann unimodal maps T, using a weighted transfer 
operator, but not allowing any holes. Both |BaKj and [BrKj use canonical Markov extensions 
(frequently called Hofbauer towers). In Theorem 12. 171 we generalize those results to systems 
with holes having no Markov structure and nonuniform hyperbolicity by constructing Young 
towers. In contrast to previous results, we do not use bounded variation techniques and 
so are able to allow potentials which are piecewise Holder continuous. This answers in the 
affirmative a conjecture of Chernov and van dem Bedem regarding expanding maps with 
holes |CV] and a more general question raised in [DYj . 

Remark 1.1. It is important to note that the Young towers must he constructed for each 
system after the introduction of holes since the presence of holes affects return times in 
a possibly unbounded way. Thus existing tower constructions for the corresponding closed 
systems cannot be used directly. 

Throughout the paper, we emphasize the physical properties of the measures involved and 
their characterization as push forward and pull back limits under the renormalized dynamics. 
In particular, the measures are independent of the Markov extensions used. 

In Section [2], we formulate our results precisely and include a brief discussion of the 
issues involved. Section [3] proves the convergence results on the tower while Section H] applies 
these results to two classes of concrete systems with holes: expanding maps of the interval 
and CoUet-Eckmann maps with singularities. Section [S] contains proofs of the equilibrium 
principles for both the tower and the underlying dynamical system. 




2 Setting and Statement of Results 



2.1 Young Towers 

We recall the definition of a Young tower. Let Aq be a measure space and let Zq be a 
countable measurable partition of Aq. Given a finite reference measure m on A, let i? be a 
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function on Aq which is constant on elements of the partition and for which J Rdm < oo. 
We define the tower over Aq as 

A = {(x, n) e Ao X N : n < R{x)], 

where N = {0, 1, 2, . . . }. We call A^ = A|„=£ the level of the tower. The action of the 
tower map F is characterized by 

F(x,n)^ (x,n + l) iin + l<R(x) 
pR{^)(^Z{x)) — Ujgj^ some subset of partition elements of Zq indexed by 

where Zq{x) is the element of Zq containing x and F^^^''\z(,{x) is injective. 

We will abuse notation slightly and refer to a point (x, n) in the tower as simply x and 
A„ will be made clear by the context. Also, the partition Zq and the action of F induce 
a natural partition of A which we shall refer to by Z, with elements Z^j in A^. With this 
convention, it is clear that Z is a, Markov partition for F. The definition of R extends easily 
to the entire tower as well: R{x) is simply the first time that x is mapped to Aq under F. 
We extend m to each level of the tower by setting m{A) = m{F~^A) for every measurable 
set A c A^. 

2.1.1 Introduction of Holes 

We define a hole if in A as the union of countably many elements of the partition Z, i.e., 
H — [j Hi J where each H^j — Z^^k for some k. Also set He — '^^j H^j — H (1 A^. This 
preserves the Markov structure of the returns to Aq, but the definition of the return time 

function R needs a slight modification: if x is mapped into H before it reaches Aq, R{x) 
is defined to be the time that x is mapped into H; otherwise, R{x) remains unchanged. If 
Zij C H, then all the elements of Z directly above Z^j are deleted since once F maps a 
point into H, it disappears forever. 

We will be interested in studying the dynamics of the points which have not yet fallen 
into the hole. To this end, we define A = A\H and A" = f]"^QF~*A, so A" is the set of 
points which have not fallen into the hole by time n. Define the map F = F\^i and its 
iterates by F"' = F"'\^n. We denote by Z^j C A those elements of Z for which F{Z) C Aq. 
In this paper we will study the map F and the transfer operator associated with it. 

We consider towers with the following properties. 

(PI) Exponential returns. There exist constants C > and 6 < 1 such that m(A„) < C9"'. 

(P2) Generating partition. For each x ^ y & A, there exists a separation time s{x,y) < oo 
such that s{x,y) is the smallest nonnegative integer k such that F^[x) and F^{y) lie 
in different elements of Z or F^{x), F^iy) G H. 

(P3) Finite images. Let Zq™ be the partition of Aq generated by the sets {F^Z}zeZo- We 
require that Z^^ be a finite partition. 

Due to (P3) we define Cq := mmz>^z*^'^ m{Z') > 0. 
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Using property (P2), we define a metric on A by d{x,y) = P'^^^'^^ for some P G (6', 1) 
where 6 is as in (PI). (The value of P may be further restricted depending on the underlying 
dynamical system to which we wish to apply the tower.) 

We say that {F, A) is transitive if for each Z[, Z'2 € ^q"*' there exists an n G N such that 
-F"(Z{) n ^2 7^ 0. We say that F is mixing if for each Z' G ^0"*' there is an iV such that 
Ao C F"(Z') for all n>N. 

Remark 2.1. We define mixing in this way because the usual requirement, gcd(i?|Ao) = 1, 
made for towers with a single base (i.e., contains a single element) is not sufficient to 
eliminate periodicity in towers with multiple bases. 

Since we may always construct a tower with no holes in the base (by simply choosing a 
reference set in the underlying system which does not intersect the hole), we consider towers 
with no holes in Aq. Define 

q:=J2HHe)p-^'-'\ 
Our assumption on the size of the hole is, 

where C\ is the distortion constant of equation (12.11) below. 

Remark 2.2. // one is interested in considering towers with holes in the base, then the 
definition of q is modified to beq:= Y.e.>im{Ht)p-^^-^'^ +CQ^{l+Ci)m{Ha)Y,z. m{Z*)p-^ . 
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Assumption (HI) remains the same and all the results of this paper apply. 
2.1.2 Transfer Operator 

In order to study the evolution of densities according to the dynamics of (F, A), we introduce 
the transfer operator Cp defined on i^^(A) by 

where g = -j^^^p^- Unless otherwise noted, we will refer to Cp as simply C for the rest of 
this paper. Higher iterates of C are given by 

where gn = g- goF---go F^~^. For / G L^(A), we define the Lipschitz constant of / to be 

Lip(/) = supLip(/^j) and Lip(/£j) = sup i^^^^^ — 

i,j x^y<^z,^, d{x, y) 

We will assume that Lip(log(7) < 00. This assumption on g implies the following standard 
distortion estimate. 
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There exists a constant Ci > such that for every n > and for all x,y G A such that 
s{x,y) > n, we have 

9nix) 



- 1 



< Cid{F''x,F''y). 



In particular, if En{y) denotes the n-cylinder containing then 

m^Eni^y)) 



gn{y) < (Ci + 1) 



m{F^En{y)) 



< (Ci + l)co-^m(E„(y)). 



(2.1) 



(2.2) 



It is easy to see that dfi = ip dm is an a.c.c.i.m. with eigenvalue A if and only if dp = Xip. 
Simply write for any measurable set A C A, 

fx(F~^A) = / (pdm= / dp dm, and Xfi{A) = X / cpdm. 
Jf~^a J a J a 

Then the two left hand sides are equal if and only if the two right hand sides are equal. Thus 
the properties of a.c.c.i.m. for (F, A) are tied to the spectral properties of d 



2.2 First Results: a Spectral Gap for C 

We begin by proving a spectral decomposition for C corresponding to (F, A) acting on a 
certain Banach space of functions. The result follows essentially from Proposition 12.31 using 
estimates similar to those in |Y2j and [Dlj . One important difference in the present setting 
is that C does not have spectral radius 1, as it does for systems without holes, so careful 
estimates are needed to ensure that a discrete spectrum exists outside the disk of radius 
/? < 1. 

2.2.1 Definition of the Banach space 

Let V(A) be the set of functions on A which are Lipschitz continuous on elements of the 
partition Z. For each Z^^ and / G V(A), we set fij = f\zij- We denote by |/|oo the L°° 
norm of / and define 

||/£,illoo := \fi,j\ooP^, \\fi,j\\up ■= Lip(/£j)/5^ 

and 

11/11= max{||/|U,||/||,J 

where ||/||oo = sup^^- ||/^j||oo and \\f\\up = sup^j ||/^j||Lip. 

Our Banach space is then B = {f E V(A) : ||/|| < oo}. The choice P G (6*, 1) (where 9 
comes from condition (PI)) guarantees that B C -^^^(A) and the unit ball of B is compactly 
embedded in L^(A). The proof of this fact is similar to that in )D1[ Proposition 2.2]. 

2.2.2 Spectral picture and convergence results 

Let I ■ |i denote the L^-norm with respect to m. In Section \3A[ we prove the following. 
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Proposition 2.3. Let {F,A,H) be a tower with holes satisfying properties (P1)-(P3) and 
assumption (HI). Then there exists C > such that for each n G N and all f E B, 



Proposition 12. 3[ togetlier witli tlie compactness of tlie unit ball of B in L^{m) and the 
fact that \C"'f\i < |/|i, are enough to conclude that C : B O has essential spectral radius 
bounded by /? and spectral radius bounded by 1 |Baj . However, since the system is open, 
we expect the actual spectral radius of £ to be a constant A < 1. We must show that X > P 
in order to conclude that there is a spectral gap. This fact is proved in Section 13.21 using 
assumption (HI) on the measure of the hole. 

Once a spectral gap has been established, the next proposition shows that the familiar 
spectral picture holds true for the open system. This is proved in Section 13. 2[ 

Proposition 2.4. The spectral radius of C on B is \ > (3 and C is quasi-compact as an 
operator on B. In addition, 

(i) If F is mixing, then X is a simple eigenvalue and all other eigenvalues have modulus 
strictly less than A. Moreover, there exists 6 > such that the unique probability density 
ip corresponding to A satisfies 6X'^ < < 6^^X~^ , on each A^. 

(a) If F is transitive and periodic with period p, then the set of eigenvalues of modulus 
X consists of simple eigenvalues {Ae^'^*'^/^}|~Q. The unique probability density corre- 
sponding to X satisfies the same bounds as in (i). 

(Hi) In general, F has finitely many transitive components, each with its own largest eigen- 
value Xj. On each component, (ii) applies. 

Since Proposition 12.41 eliminates the possibility of generalized eigenvectors, the projection 
Ux onto the eigenspace of eigenvalue A is characterized for each f E B hj the limit 



where convergence is in the || ■ ||-norm. By (iii), the eigenspace Va := Il\B has a finite basis 
of probability densities, each representing an a.c.c.i.m. with escape rate — log A. 

Corollary 2.5. Suppose that F is mixing and let ip E Yx denote the unique probability 
density given by (i). Then there exists a G (0, 1) and C > 1 such that 



for all f E B where c{f) is a constant depending on f . 

Proof. The operator X^^C : B ^ B has spectral radius 1 and essential spectral radius PX~^. 
Moreover, there is a simple eigenvalue at 1 with eigenspace Va spanned by ip and no further 
eigenvalues on the unit circle. Hence there is an ^-invariant closed splitting B = VaQ^Wa and 
C : Wa — >■ Wa has spectral radius p E (/?A~^, 1). The result follows for any a E {p,l). □ 




A-"/:"7-c(/V||<C||/||a^ 
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The expression in Corollary 12.51 is not satisfactory, however, if one wishes to obtain an 
approximation of the conditionally invariant measure when the eigenvalue is not known in 
advance. In such a case, the object of interest is the limit as n — oo where the density 

is renormalized at each step. 

Proposition 2.6. Let {F,A) be mixing and satisfy the hypotheses of Proposition IKR and 
let f E B. Then c{f ) > if and only if 

hm = (f 

n->oo 

where convergence is in the \\ ■ \\-norm. Moreover convergence is at the rate cr" where a is as 
in Corollary \ 2. 5[ 

Proof. Note that A~"|£"/|i —* |c(/)| by Corollary 12.51 so that if c(/) > 0, we may write 

£"/ C'f 
lim -— — — = lim — — -— — — = 09. 

The converse follows from the linear structure of C We write B = Nx® Wa as in the proof 
of Corollary [231 Then Wa = G i3 : c{g) = 0}. □ 

Remark 2.7. In what follows, we will be interested in establishing which functions satisfy 
c{f) > 0, first on the tower and then for the concrete systems for which towers are con- 
structed. Proposition \3.3\ guarantees that in particular c{l) > so that the reference measure 
on A converges to the a.c.c.i.m. 

2.3 An Equilibrium Principle for (F, A) 

The characterization of in terms of the physical limit C^f/lC^fli allows us to construct an 
invariant measure u singular with respect to m and supported on A°° = H^qA", the set of 
points which never enter the hole. Although u is supported on a zero m-measure Cantor-like 
set, the results of this section indicate that it is physically relevant to the system. 

To state our results, we first introduce a new Banach space Bq consisting of functions 
that are uniformly bounded and uniformly locally Lipschitz. More precisely, let |/|oo denote 
the standard sup-norm. Then define I/Ilip = sup^ j Lip(/£j) and ||/||o = max{|/|oo, I/Ilip}- 
Note that contrary to H/Hlip, the seminorm I/Ilip doesn't have the weights j3^. Finally, let 

i3o:={/Gi3: ||/||o<oo}. (2.3) 

The following proposition is proved in Section | 



Proposition 2.8. Suppose {F,A) satisfies properties (P1)-(P3) and (HI) of Section \2.1.1\ 
and is mixing. Then A) admits an invariant probability measure v supported on A°°, 
which satisfies 

K/)=limA-"/ fdfi 



8 



for all f & Bo- In addition, v is ergodic and 



[ /l/2 0F"rfz/-Z/(/l)K/2) <C||/i|||/2|ooO^" 
J A°° 

for all /i, /2 e Bo, n> 1. 

In addition to its characterization as a limit, the invariant measure u is natural to the 
system in the sense that it satisfies the below equilibrium principle. 

Let uq := ^(^Q-j ^Uo cind note that uq is an invariant measure for on A°° fl Aq. 
Proposition 15.11 shows that in fact z/q is a Gibbs measure for F^. 

We call a measure t] nonsingular provided r^{F{A)) = if and only if ri{A) = 0. The 
following theorem is proved in Section [51 

Theorem 2.9. Let {F,A) satisfy the hypotheses of Proposition IKR Let Aip be the set of 
F -invariant Borel probability measures on A. Then 



logA= sup \hrj{F)- / logJF 



df] 



where h^{F) is the metric entropy of rj with respect to F and JF is the Jacobian of F with 
respect to m. In addition, v is the unique nonsingular measure in M.p which attains the 
supremum. 

2.4 Applications to Specific Dynamical Systems 

We apply the results about abstract towers with holes to two specific classes of dynamical 
systems with holes: C^"*"" piecewise expanding maps of the interval and locally multimodal 
CoUet-Eckmann maps with singularities. 

2.4.1 Piecewise Expanding Maps of the Interval 

By a piecewise expanding map of the unit interval J, we mean a map T : / O satisfying the 
following properties. There exists a partition of / into finitely many intervals, Jj, such that 
(a) T is C^^" and monotonic on each Ij for some a > 0; and (b) \T'\ > r > 2. Note that we 
can always satisfy (b) if |T'| > 1 + e by considering a higher iterate of T. 

Let J" denote the intervals of monotonicity for T". The uniform expansion of T implies 
the following familiar distortion bound: there exists a constant C3 > such that for any n, 

■ (f-)'(x) 



if X and y belong to the same Jj^, then 



(T")'(y) 



1 



<C,\T-{x)-T-{y)[ 



Introduction of Holes. A hole H in [0, 1] is a finite union of open intervals Hj. (We 
use the ~ to distinguish from the hole on the tower.) Let / = I\H and for n > 0, define 
/" = H^^qT"*/. We are interested in studying the dynamics of T" := T"|/n. 

Let 7 be the length of the shortest interval of monotonicity of T. Our sole condition on 
the hole is 
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(H2) r„m < 2!(i^i!l(l_^ 

where m is Lebesgue measure on / and /3 > max{2r~^, r~"}. 
The following theorem is proved in |D1] . 

Theorem A. (IDl]) Let T he a C^"*"° piecewise expanding map of the interval and let H be 
a hole satisfying the bound given in (H2). Then {T,I) admits a tower {F,A) which satisfies 
properties (P1)-(P3) and (HI) of Section \2.1.1\ as well as (Al) of Section with 6 = -, 
Ci = C3, Co = 7 and C2 = 1- 

// in addition, a transitivity condition is satisfied, then there is a unique conditionally 
invariant density (p E B with eigenvalue A. 

In order to eliminate periodicity and ensure transitivity for the map T and for the tower, 
we can impose the following transitivity condition. 

(Tl) Let J be an interval of monotonicity for T. There exists an ni > such 
that J covers / up to finitely many points. 

Property (Tl) is analogous to the covering property for piecewise expanding maps of the 
interval without holes which is a necessary and sufficient condition for the existence of a 
unique absolutely continuous invariant measure whose density is bounded away from zero 
(see [Li]). 

Fix a > — log/3/logr and if necessary, choose f3 closer to 1 so that a < a. Let I°° denote 
the set of points which never escape from / and define Q = {f & C°'{I) : / > on /°°}. 
Denote by Ct the transfer operator of T with respect to m and let | ■ |i denote the L^{m)- 
norm. We prove the following theorem in Section 14.21 

Theorem 2.10. Let T satisfy the hypotheses of Theorem A in addition to condition (Tl). 

There exists A > such that for all f E Q, the escape rate with respect to fj = ffh is 
well-defined and equal to — log A, i.e., 

lim — log 77(1") = log A. 

n— ►oo TL 

There exists a unique a.c.c.i.m. ji with density (p and eigenvalue A such that for all f & Q , 
we have 



- ^ 



< C'T|/|c"5cr" 



for some o G (/?, 1) and Ct depends only on the smoothness and distortion of the map T . 

Remark 2.11. The results of Theorems A and \2.1ll generalize those obtained in \CV^ and 
ILiM^ for expanding maps using bounded variation techniques. We make no assumptions 
on the position of the holes, only their measure. 



10 



2.4.2 Collet-Eckmann maps with singularities 

CoUet-Eckmann maps are interval maps with critical points such that the derivatives DT^ at 
the critical values increase exponentially. We will follow the approach of [DHL] which allows 
for discontinuities and points with infinite derivative as in Lorenz maps. (We try to use the 
same notation as in [DHLj . but adding a * if there is a clash with our own notation.) The 
map T : / — > / is locally and has a critical set Crit = Crit^ U Crit^ consisting respectively 
of genuine critical points c with critical order 1 < < and singularities with critical order 
< £c < 1- At each of these points T is allowed to have a discontinuity as well, so c G Crit 
has a left and right critical order which need not be the same. Furthermore, T satisfies 
the following conditions for all 5 > (where ^^(Crit) = UcGCrit-B(5(c) is a (5-neighborhood of 
Crit): 

(CI) Expansion outside Bs{Crit): There exist A* > and k, > such that for every x and 
n > 1 such that xq = x, . . . , Xn-i = T'^~^{x) ^ Bs{Cnt), we hav^ 

|Df"(x)| > K^-^-^e^*", 

where £max = max{£c : c G Critc}. Moreover, if xq G T{Bs{CTit)) or Xn G Bs{CTit), 
then we have 

|Df"(a;)| > Ke^*". 

(C2) Slow recurrence and derivative growth along critical orbit: There exists A* > such 
that for all c G Crit^ there is a* G (0, A*/(54)) such tha1@ 

|Dr'=(f (c))| > e^'^ and dist(f ^=(0), Crit) > 5e-'^*-^ for all k > 1. 

(C3) Density of preimages: There exists c* G Crit whose preimages are dense in J, and no 
other critical point is among these preimages. 

Condition (CI) follows for piecewise maps from Mane's Theorem, see [MS[ Chapter 111.5]. 
The first half of condition (C2) is the actual Collet-Eckmann condition, and the second half is 
a slow recurrence condition. Condition (C3) excludes the existence of non-repelling periodic 
points. 

In [DHL], a* is assumed to be small relative to A* and A*. We keep the same restriction 
on a* and do not need to shrink it further after the introduction of holes. 

Introduction of Holes. In order to apply the tower construction of |DHLj to our setting, 
we place several conditions on the placement of the holes in the interval I. We adopt notation 
similar to that in Section 12.4.11 

A hole if in / is a finite union of open intervals Hj, j = 1, . . . , L. Let / = /\-f^ and set 
/" = f^"^gT~*J. Define T = T\I^ and let rh denote Lebesgue measure on I. 

^The addition of exponent ininK — 1 for 5 in this formula is a correction to DHL, Condition (HI)], which 
affects the proofs only in the sense that some constants will be different. The formula in DHL^ cannot be 
realized for any x at distance S to any critical point c £ Crit^ with £c > 2. 

^The fact that a* depends on c in this way is a correction to [DHL! Condition (H2)], where this is not 
stated, but used in the proof of Lemma 2 of [DHL] . 
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(Bl) Let a* > be as in (C2). For all c G Critc and k>0, 

dist(r^(c),9iJ) > (5e-"*^ 

Our second condition on H is that the positions of its connected components are generic 
with respect to one another. This condition will also double as a transitivity condition on the 
constructed tower which ensures our conditionally invariant density will be bounded away 
from zero. In order to formulate this condition, we need the following fact about nonfiat 
nonrenormalizable maps satisfying (C1)-(C2). 

For all 5 > there exists n = n{6) such that for all intervals C / with > |, 

(i) r"w D J, and ^2 4) 

(ii) there is a subinterval lu' C cu such that T"' maps u' diffeomorphically 
onto (c* — 36, c* + 36) for some < n' < n. 

We also need some genericity conditions on the placement of the components of the hole. 
Within each component Hj, we place an artificial critical point bj, so Crithoio = {&i, ■ ■ ■ , 
The points bj are positioned so that the following holds: 

(B2) (a) oTh{bj) n c = for all 1 < j < L and c G Criti,„i, U Crit^. 

(b) Let f-\fbj) = ufj^Qj^i. For all j,k e {1,..., L}, there exists i e {l,...,Kj} 
such that T^bk 7^ gj^i for 1 < i < n{6) . 

Here n{6) is the integer corresponding to 6 in (12. 4p and 6 is chosen so small that: (i) all 
points in Critc U Grits U Ciithoie are at least 6 apart, and (ii) for each j = 1, . . . , L, there is 
T = > 1 such that 

\Df^{x)\ > max{Ke^*^,6} for all x G Bsibj). (2.5) 

Condition (CI) implies that \DT'^{x)\ > ne^*'^ whenever x ^ i?5(Critc) andT'^(x) G BsiChtc), 
so by taking 6 small, and using assumption (B2)(a), we can indeed find r such that also 
\Df^{x)\ > 6. 

As before, let /°° denote the set of points which never escapes from / and let ^ = {/ G 
C°(/) : / > on 1°°}. We prove the following theorem in Section 

Theorem 2.12. Let T be a nonrenormalizable map satisfying conditions (C1)-(C3) and let 
H be a sufficiently small hole satisfying (B1)-(B2). 

There exists A > such that for all f G Q , the escape rate with respect to fj = fffi is 
well-defined and equal to — log A, i.e., 

lim — log?7(/") = log A. 

n^oo Tl 

Moreover, there exists a unique a.c.c.i.m. fi with density (p and eigenvalue A such that for 
all f & Q, we have 

= m 

for some a G (/3, 1) and Ct depends only on the smoothness and distortion of the map T. 
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Remark 2.13. When T is a Misiurewicz map (i.e., all critical points are nonrecurrent and 
all periodic points are non-repelling), it is possible to give a constructive bound on the size 
of the hole in terms of explicit constants. In this case we assume that the critical point does 
not fall into the hole, but there is no need for condition (B2)(a), see ID^ Section 2.2]. 

Small Hole Limit. Fix L distinct points 61, . . . , 6l G / which we consider to be infinitesimal 
holes satisfying (Bl) and (B2). We call this hole of measure zero if*-"-* with components 
= 6j, j = 1, . . . , L. For each h > 0, we then define a family of holes 7i(/i) such that 
H G n{h) if and only if 

1. bj G Hj and m{Hj) < h for each 1 < j < L; 

2. H satisfies (Bl). 

When we shrink a hole in Ti.{h), we keep 61, . . . , 6^ fixed and simply choose a smaller h. The 
following theorem is proved in Section I4.3.1[ 

Theorem 2.14. Let T satisfy the hypotheses of Theorem \2.1B and let H^^^ G 7^(/i) be a 
family of holes. Let djlh = (fikdm be the a.c.c.i.m. given by Theorem \2. 12\ with eigenvalue Xh.. 
Then A/^ — > 1 and fih converges weakly to the unique SRB measure for T as h ^ 0. 

Remark 2.15. A similar theorem was proved for piecewise expanding maps in JDP] and for 
Misiurewicz maps in lD0j . 



2.5 An Equilibrium Principle for {T,X) 

In this section, T is either an expanding map satisfying the assumptions of Theorem 12.101 or 
a Collet-Eckmann map with singularities satisfying the assumptions of Theorem 12.121 

Recall the invariant measure u supported on A°° introduced in Proposition 12.81 The 
measure u := tt^u is T-invariant and is supported on X°° = 7r(A°°). We show that u is 
physically relevant to the system (T, X) in two ways. 

Theorem 2.16. The invariant measure u is characterized by 

Hf) = lim A-" / fdjl 

for all functions f G C"(X). In addition, v is ergodic and enjoys exponential decay of 
correlations on Holder observables. 

Although z/ is defined simply as ti^^v, the preceding theorem gives a characterization of v 
which is independent of the tower construction. This is important for two reasons: first, it 
implies that two different tower constructions will yield the same invariant measure; second, 
it eliminates the need to construct a tower in order to compute z/. 

The second theorem is a consequence of Theorem 12.91 
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Theorem 2.17. Let Ai'j, = 7i^,Aip = {71^1] : r] E Aip} be the set of T -invariant Borel 
probability measures on X whose lift to A is well-defined. Then 



logA= sup < /i^(T) — / \ogJTdri> 



where JT is the Jacobian of T with respect to m. The invariant measure v is the unique 
nonsingular measure fj in Ai'^ which attains the supremum. 



Remark 2.18. As stated in Theorem \2.11\ the equilibrium principle applies to the collection 



of invariant measures Ad'j^ whose lift to A is well-defined. So a priori, v need not be the 
global equilibrium state in Air, the set of T -invariant measures supported on = {x G 
X : f'^ix) i H for all n > 0}. (As X^ = 7r(A°°), y~ D 

For Collet-Eckmann maps without singularities, however, the equilibrium state v is 
indeed global. This is due to \Y1\ Theorem 4] which in our setting guarantees log A > 
sup^g_yviT i^vi'^) ~ Ix^'^S-JT dr]Y Since u G Ai'rp C M.t attains the supremum, the inequal- 
ity is in fact an equality. 

Theorem 12.161 is proved in Section 15.11 and Theorem 12.171 is proved in Section 



3 Convergence Properties of C 
3.1 Lasota-Yorke inequalities 



In this section we prove Proposition 12.31 by deriving Lasota-Yorke type inequahties for 

cvWoo < Cf3-\\f\u + c\f\u < C[3^\\f\U + c\f\i. 



and II • IIlip, 



Proof of Proposition \2.3[ We fix n G N and separate the estimates into two parts: those for 
Zej with i > n and those with i < n. 

Estimate 7^ 1. For any x G Z^j with i > n and f E B, note that C^f{x) = f{F~'^x) since 
gn{F'"'x) = 1. This allows us to estimate, 

ll'C^Ailloo '■= IfiF "')ij\ooP^ = i\fe-n,j\ooP^ = \\fe-n,j\\ooP"'- 

Estimate ^2. Again choose any Zij with i > n. Then 

/Ai Lip •- sup — P 

x^y&Zt.j d{x, y) 

—n /^2n II £ II 

- ^ d{F--x,F-r^y)(3-- ^ - ^ 1'^^--"- 



since s{x, y) = s{F "x, F ^y) — n. 
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Estimate 7^3. Let x G Zqj be a point in Aq. We denote by 8n the cylinder sets of length 
n with respect to the partition Z and let En{y) denote the element of En containing y. 

\c^f{x)\< J2 \fiy)\9n{y)< Yl l/(^)k(y) + ^n(y) '^^^|~;[.^"^' %,a) 

where a G En{y) is any point satisfying |/(a)| < ^^(^^ /^^(y) l/^m. By (Q, 

^?n(z/)<(Ci + l)co^m(E„(y)). (3.1) 

Finally, note that F^y, F^a G Zo,j so that n is a return time for y and d. If y G ^e(y), then 
the definition of d from Section [2.1.11 implies d{y, d) < 
Putting this together with fl3.ip . we estimate 

< E -ri^ / W^ + 9n{y)r'^'Hf\Uf^'' 

mEniy)) Jem 



yeF-"x 



< 5^ (1 + C,)c,' [ \f\dm + (1 + C,)c,'m{EMW^'^ 



(3.2) 



7 A" 



Lip 



where the second sum is finite since j3 > 9. 

Estimate 7^4. Let x, y G Zqj, and let x' G F~'^x, y' G F~'^y, denote preimages taken along 
the same branch of Then summing over all inverse branches gives 



c?(a;,y) d{x,y) 

^ E -M^^^.I/Ml^toM ,3.3) 

x'eF-"x V 'y/ V 

< 5^ (1 + Ci)co ^m(E„(x'))||/|k.pr-'(^') + |/(z/')|Ci^7n(y') 

where we have used (12. ip and (13. ip for in the last line as well as the fact that d{x',y') = 
I3^d{x^y) for x' G ^e,{x')- The second sum is identical to that in Estimate #3. Thus 



d{x,y) 

Now on Zgj with i < n, we can combine Estimates #1 and ^^3 to obtain 

l|/:'^/£,illoo < /3l/:'^~%||oo < P\c/3--'\\f\u + c\fU) 

which implies the estimate for the || ■ ||oo-norm. 

Similarly, we can combine Estimates #2 and #4 to obtain 

which completes the estimate for the || ■ || Lip-norm. □ 
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3.2 Spectral Gap 

Although Proposition 12.31 imphes that the essential spectral radius of C on B is less than or 
equal to (3, we must still ensure that there is a spectral gap, i.e., that there is an eigenvalue 
P < X < 1 which represents the rate of escape of typical elements of B. 

This fact follows from the bound on the measure of the hole H given by (HI). To 
prove it, it will be convenient to recall some results from |Dlj which concern the nonlinear 
operator Cif := Cf /\Cf\i. Thus Cif represents the normalized push-forward density which 
is conditioned on non-absorption by the hole. In |D1J it was shown that for small holes, Ci 
preserves a convex subset of B defined by 

BM = {feB:f>0,\fU = 1, ll/IU < M, 11/11,, < M} 

where 



, = supLip(log/£j). 

We include the proof of the proposition here for clarity and also to formulate the bound 
on H in terms of the present notation. 

Proposition 3.1. Let M G ((1 + Ci)co \ (1 - (3)q'^) ■ Then 
(i) £" maps Bm into itself for n sufficiently large, 
(a) There exists P' > P such that \Cf\i > /?' for all f G Bm- 

Proof. Note that Lipflog/^,) is equivalent to sup ^'^^ \ ■^^^^^ . 

x,yezt,, f{x)d{x,y) 

We will work with this expression in the following estimates. For / G Bm, we prove the 
analogue of Estimates #l-#4 from Section [3TT] using || ■ Hi^g. Estimates #1 and #2 are the 
same so we do not repeat those. 

To prove Estimate #3, note that equation (13. 2p becomes 

\C-f{x)\< J2 fi^)9niy) + 9niy) '^ff, ~ ^^"^ ' d{y, -a)f{a) 

^ E StY^I fdm + ^^JfL.P" [ fdm (3.4) 
<(l + Ci)coi(l + /3"||/||,J / fdm 

where in the last line we have used the fact that J2y£F-^x Ie (y) — /a" fdm. 

To modify Estimate 7^ 4, we need the following fact: If and hi are two series of 
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positive terms, then ^ ^ < sup Equation (13. 3p becomes 



9n{y') 



9nW) \f{x')~f\y')\ , 

dix,y)m \,i7-^^ dix,y) 
< + + 

Since II • 1 1 log is scale invariant, (13.51) implies for all n > 0, 

ll^i/ll.o. = Wc^fL. < (1 + Ci)ni/||,, + Ci. 

Using (I33D, 

|iog)/An fdm 



(3.5) 



(3.6) 



|£»/(x)| ^ (l+Ci)co^(l+/j- 
l>C"/|i ~ J^„fdm 



<{l + Cr)c,\l + n\f\U 



so that the || ■ ||oo-norm stays bounded on the base of the tower. In order for this norm to 
remain bounded on successive levels, we need to ensure that |vC/|i > P for each / G Bm- 
Compute that 



Cf dm 



f dm 



/ dm 



£>1 



Recall that q = 'Ee>i P^''^'^^rn{Hi). Thus \Cf\i > f] ii 1 - qM > p and M must be 
chosen large enough so that £" maps Bm back into itself for large enough n. Equations (13.41) 



and fl33D require that we choose M e ((1 + Ci)co\ (1 - (3)q'^). Thus q < ^ < 
a sufficient condition on the size of H and is precisely assumption (HI). 



1-/3 ^ (l-/3)co 
1+Ci 



IS 
□ 



Proof of Proposition 2^. The proof divides into several steps. 

1. Quasi- compactness of C. Proposition 13.11 implies that there exists > 1 such that 
C^Bm C Bm- Since is continuous on Bm, which is a convex, compact subset of L^(m), 
the Schauder-Tychonoff theorem guarantees the existence of a fixed point ip G Bm-, which is 
a conditionally invariant density for with eigenvalue p = J^jv dm. 

Proposition 12.31 implies that the essential spectral radius of £^ is bounded by jS'^ and 
Proposition 13.11 guarantees that p > . 

Thus is quasi-compact with spectral radius at least p. We conclude that C is quasi- 
compact with spectral radius at least A := p^^^ and essential spectral radius /? < A. 

Let A'^o ^ ^ be the least positive integer such that C^°!f = X^°(p. In the next part of 
the proof. Steps 2-5, we assume that F is mixing and that Nq = 1. These assumptions are 
removed in Steps 6 and 7. 
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2. The density (p. We claim that there exists (5 > such that 5 < ip\/\Q < . It is then 
immediate from the conditional invariance condition \~^Clp = ip that 5\^^ < v^l < 5~^\~^. 

By conditional invariance, for x G A^, ip{x) = X~^(p{F~^x), so that (y9 = 0onAif(^ = 
on Aq. Thus there exists x E Aq such that <p{x) > 0. Using conditional invariance once more, 
we obtain x' G F~^x such that (p{x') > 0. Let Z be the partition element containing x'. Since 
(p G Bm, it follows that ip > k > on Z. By construction, F{Z) D Z' for some Z' G Zq"^. 
By conditional invariance, inf^/ ip > X^^ninfz g > 0. By transitivity, conditional invariance, 
and the property that ip G Bm, we obtain a similar lower bound for each Z' G Zq"^. The 
claim follows from finiteness of the partition Zq"^. 

3. Spectral radius. Now suppose f E B such that Cf = af and |a| > A. Note that / 
satisfies f{x) = f(F~^x) for each x G A^, i > 1. Since ip > S, there exists K > such 
that Kip > I/I on Aq. But since / grows like and ip grows like A~^ on level i, we have 
Kip > I/I on A. By the positivity of C, KC^ip > £"|/| > |>C"/| for each n. But this implies 
that KX^ip > |a|"|/| for each n. Since A < |a|, it follows that / = 0. Hence C has spectral 
radius precisely A. 

4- Simplicity of X. Suppose f E B such that Cf = Xf. As in Step 3, we can choose 
K >0 such that f + Kip > 0. Let ip = {f + Kip)/C > where C = |/|i + K is chosen so 
that Ip is a probability density. Define ips = sip + {1 — s)ip and let J = {s G M : inf a ips > 0}. 
Note that for s G J, C^ips = Xips and \ips\i = 1- Since ipg is Lipschitz and bounded away 
from zero, ||'?/'s||iog < oo. In fact, fl3.6l) implies that HV'slliog = lini„^oo ll'^i'^slliog < M, so that 
Ips G Bm for all s G J. 

Since ips is conditionally invariant, the identity iPs\ai = X~^ips\ Aq implies that inf^.^'s = 
inf Ao Ips, so that J is open. Now let t G dJ. Since ips G Bm for all s G J and Bm is closed, we 
have ipt E Bm- If "ipt vanishes on Aq, then ipt vanishes on an entire element Z' G Zq"^. Since 
ipt > 0, this implies that ipt = on all elements of Z^"^ which map to Z and by transitivity ipt 
is zero on all of A. Thus ipt has strictly positive infimum on Aq and since it is conditionally 
invariant, it must have the same infimum on A. Thus t G J, so J is closed. Since J is 
nonempty, J = M, which is only possible if f = op for some c G M. 

It remains to eliminate generalized eigenvectors. Suppose f E B such that Cf = X{f + ip). 
Then £"/ = A"/ + nX'^ip = A"/ + C'imp) so that £"(/ - mp) = A"/ . This implies that for 

f{x) = X-\f-iv)oF-\x). 

Since for £ large enough, f — iip < on Aq, we have / < on U£>lA^ for some L > 0. 
Choose i^' > large such that that ip := f — Kip < on U£<lA£. Since ip < f, we have 
< on the whole of A. For each n > 0, 



0>A" / ipdm = X C^ip dm = {ip + mp) dm = ipdm + n, 
J A" J A J A J A 

which is a contradiction. 

5. Absence of peripheral spectrum. Suppose f E B, |/|i = 1, such that Cf = af, where 
a = Ae*"^, u E (0, 27r). We follow an approach similar to Step 4, modified to take into account 
the fact that / is complex and a ^ X. Notice that by conditional invariance, 

fW = A-V^^VIao, (3.7) 
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so that / grows like plus a rotation up the levels of the tower. 

Define ip = (Re(/) + K(f)/C' , where K is chosen large enough that i/) > and C normal- 
izes l^pli = 1- By replacing / with — / if necessary, we can guarantee that J^Re{f)dm < 0, 
so that C < K. Also notice that since / and (f grow at the same rate, there exists 6o > 
such that 

5o\-^ < i^ix) < 5o^\-~^ (3.8) 

for X G Ai. 

As before, define ips = sip + {1 — s)ip and let J = {s G M : ini^ipg > 0}. Due to (13. 8p . 
J is open. However, ^|Js is not conditionally invariant since a 7^ A so the second part of the 
argument needs some modification. 

Notice that 

A-"£> = (Re(e'""/) + Kip)/C' (3.9) 

so we may choose a sequence such that X'^'^C^'^ip as /c —> 00. This implies also 

that A~"'=£"'='?/'s i^s along the same sequence and by (13.61) we have ||^/'s||iog < M so that 
ips £ for s E J. Now let t > 1 be the right endpoint of J. Since Bm is closed, we have 
^pt £ ^Ai- The rest of Step 5 relies on the following lemma. 

Lemma 3.2. ipt is bounded away from 0. 

It is easy to see that the lemma completes the proof of Step 5 since then t G J and we 
conclude that J D M^. Now ips > for all s > 0, implies (p > ip. Thus 

if > (Re(/) + Kip)/C' {C - K)ip > Re(/) ^ > Re(/) 

since C < K. But Re(/) must change sign on A due to the rotation as we move up the 
levels of the tower given by (13. 7p . This contradicts the existence of a. 

Proof of Lemma \3.2[ Since \ipt\i = 1 and ipt > 0, there exists i > and x G such that 
iJt{x) > 0. Since \~'"''' C^^'ipt — > ipt-, there exists k with Uk > i such that A""'=£"'='?/'i(a;) > 0. 
Hence there is a preimage x' G F~'^*(a;) such that ipti^) > 0. Let Zi G ^ be the partition 
element containing x'. By construction, Zi does not iterate into a hole before reaching Aq 
{in m = rik — i iterates). In particular, F"^Zi covers an element of Z^. Since F is mixing, 
there exists an A?"! > such that for each n > Ni, F^Zi D Aq. 

Since ipt ^ ^m, it follows that iniz'ipt =: k > 0. Note that for any n > 0, the definition 
of ipt and equation (13. 9p imply that 

A-"/:"V^, =t!f + {l- t)[Re(e^^"/) + Kip]/C' = + (1 - t)Re((e''^" - l)f)/C'. (3.10) 

Choose e < 2\i- t\\\f\\ define = {n G N : le*"^" — 1| < £:}. Notice that has bounded 

gaps, i.e., there exists a ATi = Ki{e) such that for any n > Ki, there is a. k < Ki such that 
n — k e Qs- 

It is clear from (I3.10p that 

A-"/:>t(x) > M^)-\^-t\\\f\\oo/C'e > k/2 (3.11) 

for n E and x E Zi. 
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Fix n > A^i + i^i and choose k such that A^i < A; < A^i + i^i and n — k G Qe- Note that for 
any i, inf g may be if there are infinitely many Z (Z Ag with R{Z) = 1. However, since 
we only require returns to finitely many Z' G Z^"^ for finitely many times, Ni < k < Ni + Ki, 
we may choose a set C {Jkn^^^Ki containing only finitely many Z such that for each 
X G Aq there is a point yi G Zi such that F'^yi = x and GiyforO<'j</c — 1. 

Now using (13.111) and the fact that n — k ^ Q;,, we estimate 

F^y=x 

> X-\X'--C--Ht){yi)gk{yi) > |A-^^«:inf =: ^' > 0. 

Thus infAo X'^^C'^t > k' for all n>Ni + Ki. 

Now on A^, for n > E + Ni + Ki, X-^'C^ptix) = X-^X^-''C''-%{F-^x) > X'^k'. Therefore 
for large n, infA^ X'^'^C^'ipt > k,' for all i < n — Ni — Ki. Since ipt = hnifc X~"''' C'^'^ipf, we have 
inf A ipt > 1^' ■ n 

6. Mixing implies Nq = 1. Suppose that C'^°ip = X'^°(p. The proofs of Steps 2 and 4 
go through with C replaced by implying that is a simple eigenvalue for C^'K (The 
proofs are modified in the obvious way. For example, Aq is replaced by Aq U ■ ■ ■ UAn^^i and 
mixing is used instead of transitivity.) But C^°{Cip) = X^^dp, so we deduce that Cip = ap 
for some c G M, with c^o = A^°. Positivity of C implies that c > 0, so c = A. Hence 
dp = Xip, that is Nq = 1. 

7. Nonmixing case. First suppose that F is transitive with period p. Then F'p has p 
distinct components in A and is mixing on each of them. Applying (i) to d implies that A^ 
is an eigenvalue of algebraic and geometric multiplicity p and there are no further eigenvalues 
on or outside the circle of radius A^. The corresponding eigenvalues for C lie at p^^ roots of 
A^, and it follows easily from transitivity that all p^^ roots are realized by simple eigenvalues, 
proving (ii). 

Finally, since C is quasi-compact, there are only finitely many transitive components of 
A. Restricting to a single component, (Hi) reduces to the transitive case (ii). □ 



3.3 An Invariant Measure on A°° 

Proof of Proposition \2.8\ . We assume that F is mixing and as usual denote by ip the unique 
eigenvector with eigenvalue A. We divide the proof into three parts. 

(i) Existence of u. Let / G Bq. Since v^Ia^ ~ A^^ where A > /5, it follows from the definitions 
of B and Bq that ipf G B. By Corollary EH 

^(/) := hm X-\-'r{^f) = c{^f). (3.12) 

n— >oo 

Hence (13.121) defines a linear functional : Bq ^ R. We also have |£"(v?/)| < \f\oo'C."''P = 
|/UA>, so that |^(/)| < |/|oo. 

Since JF is a bounded linear functional on Bq, there exists a measure u such that J-'{f) = 
J fdu for each / in i3o- Since JF(1) = 1, i/ is a probability measure. Notice also that we can 
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write A ^C"'{(ff) f^if) where convergence takes place in B and hence in L}{m). Since 
ip dm = 1, it follows that 

z/(/) = lim A-" / C'{^f)dm= lim A"" / fipdm= lim A"" / /rf/i 

n— >oo n^oo J ^„ n^oo J ^„ 

SO that z/ is supported on A°°. Also, from (13.121) it follows that c(/) = u^ip'^f) for each 
Note that C{ip f o F) = fdp = Xipf and so 



oF) = lim A-"¥5-^/:"(y5 f o F) = lim A^>~^/:"-i(A(/?/) 

n— >oo n— »oo 

= lim X-'^''-^^ip'^C^~\^f) = ^(/). 

n— >oo 

Hence z/ is an invariant measure for F (and F, since F = F on A°°). 

(a) V is ergodic. Since F is transitive on Z^"^, given Z(, G Z^"^, we may choose n G M such 
that F"(Z() D Z^. Since A~ is an F-invariant set, this implies that F"(Z(nA°°) D Z^nA°°. 
So F|a°c is transitive. 

Let C A°° denote a cylinder set of length n with respect to the partition Zq fl A°°. 
Now suppose ^ = Uj n -^i" is a countable union of such cylinder sets with F~^A = A and 
i^{A) > 0. Since A is a countable union, we must have v{Z^) > for some i and n. This 
implies that F"(Zf) = Z n A°° for some Z e Zq, and F"+-^(^)(Zf) D Z' n A°° for some 
Z' e Z^"". In particular, Z'nA°° C A. Since F is transitive on A°^, Ufc>oF'=(Z'n A°°) = A°°. 
Thus A = A°° so z/(A) = 1. 

Since ^ is a generating partition on A°°, we conclude that u is ergodic. 

(Hi) Exponential decay of correlations. Let /i,/2 G ^Bq. Recall that i^(/i) = c{fiip). By 
definition of z/, 

/i/2oF"rfz/-z/(/i)z/(/2) = lim A-^ / /i/2oF>rfm-/ K/i)^^^'^ 



fc^oo 



lim A"'^ /" C'{h^)f2dm- lim A""'^ /" u{fi)f2ipdm 
lim A"-'^ / [A""£"(/i¥.) - c(/i¥p)^] /2 cim 

C— »00 J l^k-n 

lim A-'^ V / [A-"£"(/i^) - c(/i^)^] /2 dm. 



Recall that fi^p G For F mixing, it follows from Corollary 12.51 that 

[A-"/:"(/i<^) - c(/i<^)<^]/2 rfm < |1a,(A-"/:"(/i<^) - c(/i<^)<^)|oo|/2|oom(A'= n A,) 



A'=nA» 



< ||A-"/:"(/i^) - c{h^Mf3-'\h\oom{A^ n A,) 

< C||/iv.|||/2|ooa"/?-^m(A'=nA,). 
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Hence 

/ hf2oF-dv-v{h)v{h) < lim A-^ VC||/iy.|||/2|ooa"/?~MA'nA,) 

= C||/i^|||/2|ooa"limA-'= / f(,dm, 

where //jIa^ := In particular, fp G B. By Corollary 12. 5[ X^^C^fp converges to c{fp)ip 
in i3, and hence in L^{m) so that limfc^oo A"'^ /^s, //? (im = c(//3), completing the proof. □ 

3.4 Escape rates from A 

Notice that the functional analytic approach adopted thus far only tells us that A represents 
the slowest rate of escape from A for elements of but in general there are functions which 
escape at faster rates. The estimates on the functional T in Section 13.31 and the existence 
of the invariant measure v allow us to establish the uniformity of escape rates for certain 
functions in B. Since the indicator functions of elements of the partition Z are in this 
space, we also obtain uniform escape rates of mass from certain sets and in particular for 
the reference measure m on the tower. 

Proposition 3.3. Let F he mixing and satisfy properties (PI )-(P3) and (HI ) of Section \2.1.1\ 
For each f E Bq with f > 0, we have z/(/) > if and only if 

lim -— — — = 09 (3.13) 

where as usual, the convergence is in the \\ ■ \\-norm. In particular, the reference measure 
converges to the a.c.c.i.m. 

Proof. By Proposition 12.61 equation fl3.13p holds if and only if c(/) > 0. Thus it suffices to 
prove z/(/) > if and only if c(/) > 0. 

Note that from the proof of Proposition 12. 8[ z/(/) = c{ipf) > Sc{f) since (p > S. So 
c(/) > implies z/(/) > immediately. 

Now fix / G So and suppose z/(/) > 0. Let A" = A^ fl A"' be the subset of Ae which has 
not escaped by time n. Set A^^^ = U^qA^ and = A"\A['^). 

For e G (0, 1), choose K such that z/(A'[)|/|oo < Then 



z/(/)= lim (a-" / fdfi 




< lim A-"A-^5 



<X-^6-'c{f) + \f\^u{Al) < X-^6-'c{f)+eu{f) 



Since e G (0, 1), we have c(/) > 0. 

Since z/(l) = 1, the normalized push forward of the reference measure m converges to fi 
as n — > oo. □ 
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Corollary 3.4. Let A = U(£j)gjZ^j be a union of partition elements such that i^iA) > 0. 
Then there exists C > such that 

C-U" < m(A" n A) < CA" (3.14) 

for each n G N so that mass with respect to m escapes from A at a uniform rate matching 
that of the conditionally invariant measure. 

Proof. First note that for any / G -B, we have 

|/:"7li < \\c"j\\ J^rMA^) < c^ll^H 11/11 < cx^Wfi 

so that the upper bound in (13.141) is trivial. 

Let xa be the indicator function for A and notice that xa ^ ^o- Integrating the limit in 
Corollary 12. 5[ we get 

c{xa) = lim A"" / dm = lim A"" / xa dm. 

n^oo n^oo J ^„ 

Since c{xa) > by Proposition 13.31 and m(A" DA) forms a decreasing sequence, there must 
exist a C > such A-"m(A" n A) > C'^ for all n. □ 

Corollary 3.5. Let Z = Z^j be a cylinder set and let n > R{Z). There exists a constant 
C > 0, independent of Z , such that if A" fl Z 7^ 0, then 

C-^X^~^m{Z) < m(A" n Z) < CX^~^m{Z). 

Proof. By bounded distortion, we have m(A"' fl Z)\[F^y [y)\ = m(A"^-^ fl F^Z) for some 
y E Z. Since F^Z = Z' for some Z' G Z' and Z' is finite, by Corollary 13.41 we can find C 
independent of Z' such that 

C-U" < m(A"-f^ n Z') < CX"". 
We complete the proof by noting that \{F^)'{y) \ ^ Co/m(Z). □ 
Corollary 3.6. Let f E B, f > 0, such that z/(x G A : /(x) > 0) > 0. Then 

C^f 

lim = ip. 

n^oo \jC'^f\i 

Proof. Let h = min{/, 1} and note that h G Bq. Also i/(/i) > by assumption on / since h 
and / share the same support. Thus c{h) > by Proposition 13. 3[ Now 

c(/) = lim A"" / /rfm>limA-"/ hdm = c{h)>0 

SO the limit for / holds by Proposition 12.61 □ 
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4 Applications 



4.1 General Approach 

We set up our notation as follows. Let T be a piecewise C^~^" self-map of a metric space 
(X, d) with open hole H. Let m be a probability measure on X and let g = -j^^^- Suppose 

that a tower (F, A) with hole H and the properties of Section [2.1.11 can be constructed over 
a reference set A. This implies that there exists a countable partition Zq of A, a coarser 
partition ^g™, also of A, and a return time function R which is constant on elements of Zq 
and for which T^{Z) G Zq"^ or T^{Z) C H for each Z G Zq. The set A is identified with 
Aq and each level A^ is associated with Uij(2)>^T^(Z). This defines a natural projection 
TT : A ^ X so that vr o = T" o vr for each n. In general, we may choose A so that 

Anif = 0. 

Following our previous notation, we define X = X\H and X" = n"^QT~*X. The re- 
stricted maps are then F" = F"|a„ on the tower and = T"|x" on the underlying space. 

We use the reference measure m on X to define a reference measure m on A by letting 
^|ao = ""^U and then simply defining m on subsequent levels by m{A) = m{F'^A) for 
measurable A C A*. As before, we let q = . 

' ^ d{moF) 

Given a measure fi on A, we define its projection fi onto X, by /i = 7r*yU. In terms of 
densities, this implies that if = fdm, then for almost every m G X, the density / of /i is 
given by 

where Jvr = '^^^^^ ■ Note that |'P7r/|Li(x,m) = |/|Li(A,m)- Since Radon-Nikodym derivatives 
multiply, we have 

-gnM/Jniy) = gM/MF'^v) (4.1) 
for almost every y G A and each n > 0. This in turn implies that 

= CUV.f) (4.2) 

for / G L^(A). The importance of these relations lies in the fact that if satisfies Cp^p = A*/? 
and / = Virf, then 

^ ■ ip in L^{m) implies — > Vt^^ '-P L^irh) (4.3) 



and ip satisfies Ct<P = Vn{£^F^) = so that ip defines a conditionally invariant measure 
for T with the same eigenvalue as ip. 

However, the space Vt^B is not well understood and functions in Vt^B are a priori no better 
than L^. It is not even clear that the constant function corresponding to the original reference 
measure m is in Vt^B. Getting a handle on a nice class of functions in Vj^B is necessary for 
showing in particular applications that, for example, Lebesgue measure converges to the 
a.c.c.i.m. according to the results of the previous section. 

In what follows, we identify two properties, (Al) and (A2), that guarantee C"(X) C 
V-j^B where a depends on the smoothness and average expansion of T. (Al) is standard in 
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constructions of Young towers and (A2) can be achieved with no added restrictions on the 
map or types of holes allowed. In Sections 14.21 and [ 4.31 we prove that the towers we construct 
have these properties. 

Let Rn{x) = Rn-i{T^^^\x)) be the n^^ good return of x to A, for n > 1. 

(Al) There exist constants r > 1 and C2, C3 > such that 

(a) for any X G A, n > 1 and A; < Rn{x), \DT^"^''^-^{T^x)\ > Car-^"^^)-^ 

(b) Let x,ye Zoj and R = R{Zoj). Then 1^ < C3 for i < R. If T^(Zoj) C 



A, then 



9t{T^y) 

<CsdiT^i7rx),T^iny)y 



Property (Al)(a) says that although T may not be expanding everywhere in its phase 
space, we only count returns to A during which average expansion has occurred. Property 
(Al)(b) is simply bounded distortion. In fact, (Al) implies the distortion bound (12. ip as 
well as (P2) in the towers we use. 

4.1.1 Lifting Holder functions on X 

Recall that d is the metric on X and d is the symbolic metric on A defined in Section I2.L1I 
Under assumption (Al)(a), these two metrics are compatible in the following sense. 

Lemma 4.1. For any a > — log/9/ logr, let f G C"(X) and define f on A by f{x) = f{TTx) 
for each x E A. Then f E Bq and \\f\\o < C2'^\f\c^- 

Proof. First we show that Lip(/) = sup£ ^ Lip(/£ ,,■) < 00. Let x,y E Z^j and let x = nx and 
y = Try. Then 

\f{x)-f{y)\ _ \f{x)-f{y)\ d{x,yr djx^yT 
d{x,y) d{x,y)- d{x,y)- ^'U{x,y) ' 

Note that d{x,y) = /?*(^'^) and that s{x,y) is a return time for x and y so that \DT^^^'y^\ > 
C^^s{x,y) , Property (Al)(a). Thus 

d(x,y) = '^^^ d(T'^("'^)(£),T^("'^Vy)) < a-V-^("'^)diam(A). 

^ ^' d{T<-^y){x),T<-'y){y)) ^ ^ ' ^ ' ^ ' 

This, together with (14.41) . implies that Lip(/) < 00 since [3 > r~". Also |/|oo = |/|oo < 00, 
so / G So- □ 

The problem is that in general P^(/ o tt) 7^ /, so Lemma 14.11 does not imply that 
C°(X) C V^B immediately. 

4.1.2 A lift compatible with Vj, 

Given / G C"(X), we want to construct f E B so that Vnf = f ■ To do this, it is sufficient 
to have the following property on the tower constructed above the reference set A. 
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(A2) There exists an index set J C N x N such that 



(a) m{X\ U(<?j)ej n{Zij)) = 0; 

(b) 7r(Z£jjJ n TT{Zi^j^) = for all but finitely many (£i, ji), (^2,^2) € J', 

(c) Define Jtiij ■= JT^\zty Then sup(£j)gj \ JT^ij\oo + Lip(j7r£j) = < 00. 

Proposition 4.2. Let T he a piecewise C^"*"" self-map of a metric space {X,d) with hole 
H. Suppose we can construct a Young tower over a reference set A for which T satisfies 
properties (Al) and (A2). Then C"(X) C V-„Bq for every — log/3/logr <a<a. 

Proof. Let / G be given. 

If 7i{Zij) n 7i{Z('j') = for all other G J, then we can choose a single preimage 

for each u e 7r{Z(j) on which to define /. In fact, inverting the projection operator "P^, we 
see that defining f{x) = f{7Tx)JiT{x) for each x G Z^j yields the correct value for fi^nx). 

Now consider the case in which 7r(Z£j fl iriZ^.^j^) 7^ 0. We may choose a partition of 
unity {pi,p2} for E = n^Zi^j^ U Z^^j^) such that pi G C^i^E). Then we define / by 

h,j^{Xi) = f{irXi)jTx{Xi)pi{TlXi) 

for Xi G Zi.^j- and i = 1,2. Then for -u G -E, we set / = on preimages of u which are not in 
Z^^jj U Ze^j^. It is clear that Vnf{u) = f{u) for u E E. 

This construction can be generalized to accommodate finitely many overlaps in the pro- 
jections TT{Z£,j) while maintaining a uniform bound on the C°-norm of the pi. 

Let Zj = U(^j)gjZ^j. Lemma WA\ tells us that f o tt e Bo (where Bq is defined in (12.31) ) 
and (A2)(c) implies that Jt^Izj £ Bq. Since / = outside of Zj, it follows immediately that 
feBo. □ 

4.2 Piecewise Expanding Maps of the Interval 

Proof of Theorem \2.1(K Theorem A guarantees that T admits a tower (F, A) satisfying prop- 
erties (P1)-(P3) and (HI). Property (Al) is automatic for expanding maps. 

It remains to verify that Property (A2) is satisfied. This follows from the tower construc- 
tion contained in |Dlj . For this class of maps, we may choose the reference set A to be an 
interval of monotonicity of T and the finite partition of images Z^"^ will consist of the single 
element A, i.e., we have a tower with full returns to the base. In the inductive construction 
of the partition Zq on A, at each step, new pieces are created only by intersections with 
discontinuities, intersections with the hole, and returns to the base. In this way, only finitely 
many distinct pieces are generated by each iterate and therefore we have only finitely many 
overlaps when we project each level. Since / is covered in finitely many iterates of A by 
assumption (Tl), it is also covered by the projection of finitely many levels of A, say the 
first N . Thus if we take our index set J to be all indices corresponding to elements in the 
first N levels of the tower, it is immediate that (A2)(a) and (A2)(b) are satisfied. 

To see that (A2)(c) is satisfied, let x G Aq and notice that by (14. ip . Jni^F^x) = 
J'K{x)gi{x) / gi{nx) . If £ < R{x), then Jn{x) = ge{x) = 1 so that 

MF'x) = 1/Ur^x) = \{Ty{nx)\. (4.5) 
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Since T is C^^", so is for each i. Since we are only concerned with i < N and a < a, by 
Lemma J'n'lzj e Bq so (A2)(c) is satisfied. By Proposition S^l we have C"^(X) C V^B. 

Property (Tl) also implies that we can construct {F, A) to be mixing, since if T"'{Z') 3 /, 
then T^~^^[Z') D / so we can avoid periodicity in the return time R by simply delaying a 
return by 1 step. Applying Proposition 12.41 we see that Cp admits a unique probability 

density (p for the eigenvalue A of maximum modulus. Defining (p = V^^, we have — > (p 

at an exponential rate for every / G Vt^B for which c(/) > by Proposition 12.61 

Convergence property. Let f E Q. Since A) satisfies (Al) and (A2) and / G 
by Proposition 4.2 we can find f E Bq, supported entirely in elements corresponding to the 
index set J, such that V-jrf = f . By Corollary 13.61 it suffices to show that z/(/) > 0, for then 
the convergence of / to will imply the convergence of f to ip := V-jrip. 

Since / G ^, we have / > on I°° fl A which implies / > on A°° fl Aq. Since u is an 
invariant measure on A, it must be that z/(Ao) > and so z/(/) > as required. 

Unified escape rate. Finally we prove that all functions in Q have the same escape rate given 
by — log A. First note that given f E Q and f E B such that V^f = f, we have 

rn I rn I 

hm X-C-f = hm A-1/:^/|i — ^ = lim = c(/)^ 

by Corollary 12.51 and the proof of convergence above. Since > 0, we also have c(/) > 0. 
Thus if we let fj = fm, we have 

lim -logr7(/") = lim -log|£^/|i =logA. 

n^oD n 71— >oo n 

□ 



4.3 Multimodal Collet-Eckmann Maps with Singularities 

Proof of Theorem \2.12 . The construction in [DHLj fixes S and finds an interval /* with 
c* G /* C (c* — 6,0* + 6) as base for the induced map. We choose I* such that orb((9/*) is 
disjoint from the interior of /*. This is always possible by choosing dl* to be pre-periodic. 
Now by using /* as the base Aq of the Young tower A (i.e., without hole), and recalling that 
Z is the natural partition of the tower we have the following: 

For any Z, Z' G the symmetric difference nZ A nZ' = 0. (4.6) 

To show why this is true, write Z = Zij and Z' = Zg/j/, so 7r(Z) = T^(7rZoj) and 
tt{Z') = T^'inZoj'). Assume without loss of generality that k := R{Z) -i > R{Z')-i' =: k'. 
If (14.61) fails, then there are x G dnZrmZ' and x' G nZCldnZ' . But then T^{x') is an interior 
point of J*, but at the same time f^{x') = f''-^'{f^\x')) G f^-^\dr). This contradicts 
the choice of I*. We record property (14.61) for later use in checking condition (A2)(b). 

Next we adapt the construction of the inducing for the system without hole from [DHLj . 
By (B2)(a) the artificial critical points hj G Hj satisfy T^{hj) ^ c* for all > 0. Therefore 
(C3) still holds with the artificial critical points. We set the binding period of a; G Bsihj) 
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(see |DHLl Section 2.2]) to p{x) = T{j) — 1 for r(j) as in (12.51) . Recall that the hole H has L 
components. When the image T"'{uj) = of a partition element u visits Bs{bj) (see |DHLt 
page 432]), we subdivide u only if Un intersects dHj. If Un has not escaped to large scale, so 
\ujn\ < S, this results in at most 3 subintervals u' C u such that T"(ci;') is either contained in 
Hj or disjoint from H. By (12.51) and our choice of binding period plssitj), Lemma 2 of |DHL] 
is automatically satisfied for 9* := 9 = 9 = \* . 

Remark 4.3. In IDHLf close visits to Critc U Critg that result in a cut are called essential 
returns, whereas those that do not result in a cut are called inessential returns. Let us call 
cuts caused by dH hole returns. The cutting of uj' at preimages of dHj is crucial for our 
tower to be compatible with the hole. Note also that by the slow recurrence condition (Bl), a 
cutting of uj' cannot occur within a binding period after a previous visit to a point in Critc. 

With this adaptation, the tower construction of [DHL] yields a tower A and a return 
time function R, constant on elements of the partition Z. According to |DHLt Theorem 1], 
the tower {F,A,R) satisfies (P1)-(P3) and (Al) of the present paper. 

Notice that at this point there is no escape. We have simply introduced new cuts at the 
boundaries of the hole during the construction of the return time function and partition of 
the interval I* so that the induced tower respects the boundary of the hole in the following 
sense: For each Z & Z, either irZ (Z H or nZ fl if = 0. 

A crucial feature of this construction is that the exponential rate 9 of the tail behavior is 
independent of the size of H when H is small. To see this, recall the notation introduced in 
Section [2.4.21 regarding small holes. We first fix the set of points bi, . . .bi, which we regard 
as infinitesimal holes satisfying (Bl) and (B2). Then for each h > 0, the family of holes 
T-C{h) consists of those holes H satisfying: (1) bj G Hj and m{Hj) < h for each 1 < j < L; 
and (2) H satisfies (Bl). 

For the infinitesimal hole H^^^ with components Hj^^ = bj, j = 1, . . . ,L, we fix 5 > 
and a reference interval /* C Bs{c*) and construct a tower A^*^) incorporating the additional 
cuts at dH^'^^ as described above. 

An immediate concern is that the presence of additional cuts when we introduce holes of 
positive size interferes with returns to the extent that all full returns to I* are blocked. The 
following lemmas guarantee that this is not the case and in fact several properties such as 
mixing and the rate of returns persist for small holes. 

Lemma 4.4. For sufficiently small h, each H G T-C{h) induces a tower A^^^ and return 
time function over I* using the construction described above. Moreover, {F''^\A^^^) 
is mixing if {F^'^\ A^^^) is mixing. 

Proof. Notice that the thickening of the hole at the points bj cannot affect returns which 
happen before a fixed time depending only on h. For suppose u C I* satisfies T^tu = /* 
where n = R^'^\to) < Uh is the return time corresponding to H^^\ Then in fact uj is in the 
middle third of a larger interval uj' such that T^uj' D I*. Cuts made by dHj must necessarily 
be at the endpoints of uj' so for sufficiently small h, the return of uj will still take place at 
time n. By (B2)(a), we can force Uh oo a.s h —>■ 0, guaranteeing the persistence of returns 
up to any finite time for sufficiently small h. 
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To show {F^^\ A^^^) is mixing, we need only show that g.c.d.(-R''''^'') = 1 since A*^^-* has a 
single base. Since {F^^\ A^^^) is mixing, there exists such that g.c.d.j-R'^'') : R^'^^ < N} = 1. 
Now take h small enough that Uh > N. Then g.c.d.j^*^^^} = 1 as well. □ 

Our next lemma shows that the rate of return is uniform for small h. 

Lemma 4.5. There exist 6 < 1 and C > such that m{R^^'> > n) < for all H e n{h) 
with h sufficiently small. 

Proof. Let 6q be the exponential rate of the tail behavior corresponding to H'^'^\ We will 
show that by choosing 5 and h sufficiently small, we can make 9 = 9{H) arbitrarily close 
to 9q for all H e T-C{h). We do this by showing that the rates of decay given by a series of 
lemmas in |DHLj vary little for small h. 

Lemma 1 of |DHLj : Choose h small enough that Uh from the proof of Lemma 14.41 



satisfies > t* in Lemma 1. Then Lemma 1 holds with the same rate since returns in the 
middle of large pieces are not affected by the hole before time Uh- 

Lemma 6 of [ DHL] : The notation Sn,s{^) stands for the set of subintervals within an 
interval u of size 6/3 < \u}\ < 6 that have not grown to size 6 by time n, and have essential 
return depths summing to S within these n iterates. 

This lemma estimates the size of any interval u' G Sn^s- Let us denote the number of 
hole returns used in the history of u' by Shoic- Define Sn,s,Si,oic t)e the set of subintervals 
u' G £n,s such that u' has Si^^i^ hole returns in its history up to time n. 

Every hole return, i.e., a cut at dHj, is followed by a binding period of length r(j) in 
which derivatives grow by an extra factor of 6 by (12.51) . Since Lemma 6 is concerned only 
with derivatives, and not with the actual cutting, the conclusion of Lemma 6 becomes: For 
every n > 1, S > 1 and 5*11010 > 1 and u' G Sn,s,Si,oic have 

\uj'\ < K'^e~^'^6~^'-°'\ 

where 9* replaces the 9 used in |DHLl Lemma 2]. 

Lemma 7 of |DHL] : This lemma relies on combinatorial estimates to obtain an upper 



bound on the number of pieces which can grow to size 6 at specific times. By specifying the 
number of hole returns by S'^oio and using the fact that intervals are cut into at most 3 pieces 
during a hole return, we can adapt the conclusion of Lemma 7 to 

Combining Lemmas 6 and 7 in this form gives 

\^n,s{^)\ = Yl l^">5,5hoio(^)l 

< Yl /^^'e-^*^6-^'^°'^e^^3^'^°'^ = K^'e"^''-'^^'' (4.7) 

which is precisely formula (21) in [DHL]. 

The free time of an interval u' are all the iterates not spent in a binding period. We 
suppose that u' escapes to 'large scale' at time n (i.e., \T"'{uj')\ > 6) and consider its history 
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until time n. If uo' is cut very short at a hole return, say dT"^{uj') fl dHj 7^ 0, then we first 
have a binding period of length p{x) = T{j) — 1, and the free period after that lasts until 
either: (i) u' reaches large scale, (ii) uj' has the next artificial cut near bj e Crithoie, (iii) 
uj' has an inessential return near c G Critc U Critg. or (iv) a;' has the next essential return 
near c G Critc U Crit,. In case (iv), T'=(w') covers at least three intervals in the exponential 
partition of Bs{c) as in |DHL[ page 433]. 

Let us call the time from iterate m + r(j) — 1 to the next occurrence of (i), (ii) or (iv) 
the extended free period of u after iterate m + T{j) — 1 . So this includes binding and free 
periods after inessential returns to Bs{c) for c G Critc U Crit^. These are the returns where 
T^{uj') is too short to result in a cut. Condition (Bl) implies that when such an inessential 
return occurs, the next cut or inessential return will not occur until after the binding period 
associated to dist(T'^(a;'), c). This binding period will restore the small derivative incurred 
at time k due to |DHLl Lemma 2]. Hence there is Ahoio, depending only on A* and A* from 
conditions (CI) and (C2), such that 

\Df\x)\>e^'^°"^^ (4.8) 

for each x G T™+'^(-')^^(co'') and ^ is the length of this extended free period. We let rihoie 
denote the sum of extended free periods directly following the binding periods due to hole 
returns in the history of uj' up until time n. With this notation, we make adaptations to the 
remaining lemmas. 



Lemma 8 of [DHL]: This lemma can be changed to: there exists such that for every 



uj' G £nfl with S'hoie = 0, a;' = u; and n < n^. The reason is that intervals of definite size 
cannot remain small forever if they are not cut during an essential return or hole return, and 
in fact the can be taken equal to the n{5) used in condition (B2). 

Lemma 9 of [DHL] : This lemma can be restated as: for all n > 1 and S* > such that 
£n,s 7^ 0, we have 

S>{n- n^^i, - ns)/9. 

In other words, we disregard the hole free time n^oie- The proof is basically the same as in 
[DHLj if we keep in mind that at an essential return to c G Critc U Crit^ at time following a 
hole return, the size of the interval T^{uj') that emerges from the cut at this essential return 
depends only on the distance of T^{uj') to c. 

Now Lemmas 8 and 9 of |DHLj and (14.71) combine to give for Sn{uj) '■= Us>oSn,s{^)- 

\^n{uj)\ = Y Yl \^n,sX^)\ 

0<nhoic<»i S'>(n-nhoie-n4)/e 

for some Ci as in the formula given near the bottom of |DHLt page 444] 1^1 

Having established Lemmas 6 to 9, the rest of the proof in [DHLj goes through basically 
unchanged since the decay in depends only on the rates in these lemmas and distortion 



^with the factor k ^ inserted where it is missing in [DHLj . 
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estimates which are not affected by H. We see that 9{H) can be made arbitrarily close to 
^0 for h sufficiently small. □ 



We have shown that in the presence of additional cuts introduced by dH, we retain some 
uniform control over the induced towers {F^^\A^^^). We are now ready to lift the holes 
into the towers and consider the open systems so defined. 

We define the hole in the tower and the return time with hole to be 

H = {Z e Z : nZ C H} and R{x) = min{^(a;), min{j : P{x) G H}}. 

For any partition element Zij = H^ j that is identified as a hole, we delete all levels in the 
tower above Zij since nothing is mapped to those elements once the hole is introduced. We 
denote the remaining tower with holes by A and define F = -^Iadf-ia correspond- 
ing tower map. 

In order to invoke the conclusions of Proposition 2.6 for (F, A), we must check that its 
hypotheses, (P1)-(P3) and (HI), are satisfied. We then check conditions (Al) and (A2) in 
order to project the convergence results from the tower to the underlying system. 

Properties (P1)-(P3) are automatic for {F,A,R) since they hold for {F,A,R). 

Step 1. Condition (HI). We split the sum in (HI) into pieces that encounter H during their 
bound period and those that encounter it when they are free, 

Y,^m(^-'= 5^ m(ij,)r' + $^m(if,)r'. 

I bound free 

To estimate the bound pieces, we use the slow recurrence condition given by (Bl). If 
u; C /* is some partition element, and c G Critc the last critical point visited by uj before uj 
falls into the hole, then AisiiT^c^dHj) > 66^°"^^ for each j. Therefore, if T^u fl Hj ^ 0, we 
must have 5e~"'=^ < m{Hj) and so £ > — (l/a*) \o<^{m{H j) j S) . Thus by Property (PI), 

bound e>-A^\og{7h{H)/5) 

< Yl Ce'(3-'<^m{H)^^'°^^''"^\ (4.9) 

t>-^\og{fh(H)/6) 

To estimate the free pieces, we will need some facts about the tower without holes, (F, A). 
It was shown in |Y2j that F admits a unique absolutely continuous invariant measure rj with 
density p E Bq, p > a > Moreover, tt^t] = f/ is the unique SRB measure for T. By 
Section 4.1, p = P^p is the density of fj. 

Notice that p|^^ is an invariant density for F^ so that po := '^^(Pao) invariant 
density for T^. Since tt' = 1 on Aq, we have a < pQ < A. This implies that we can also 
obtain the invariant density p by pushing forward po under iterates of T. 

It is clear that pushing forward po will result in spikes above the orbits of the critical 
points, hence p is not bounded on /. However, when an interval uo C vr(Ao) is free at time 
n, condition (C2) and |DHLl Lemma 1] imply that the push forward of the density on uo at 
time n will be uniformly bounded. 
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Define neighborhoods NkiT^c) of radius 5e~'^'^*^ for each c G Critc- These are precisely 
the points starting in Bs{c) whose orbits are still bound to c at time k. From the above 
considerations, it is clear that outside of the set UcGCritc Ufc>i Nk(T''c), the density p is 
bounded. This is the sum of the push forwards of po on free pieces. Thus, we may define a 
measure 

Vfree = ^ T^*^{Zt,j) 

{£,j):Zi j is free 

whose density with respect to Lebesgue, pfree, is bounded on I. Then since p > a > 0, we 
have 

Y^^iHej) < J2viHej)/a = mUH)/a < Cm{H). 

free free 

Now set P = — log rh{H). We estimate the contribution from free pieces by 

free free: i>P free: £<P 

free: i>P free: e<P 

< C'iep-y + C"(3~''m{H) 

< C'm{H)^°^'^^^''yC"m{Hf+^°^^. (4.10) 

Putting together (14. 9 p and (I4.10p . we see that the left hand side of (HI) is proportional 
to m{H)'^, for some 7 > 0. This quantity can be made sufficiently small to satisfy (HI) by 
choosing m{H) small since 6 (and hence f3) are independent of H by Lemma [4.51 

Step 2. Property (Al). The bounded distortion required by (Al)(b) is satisfied by the cutting 
of pieces introduced in the construction of A (see [DHL I Proposition 3]). The expansion 
required by (Al)(a) follows from two estimates: property (CI) guarantees that starting at 
any x ^ i?5(Crit), there is exponential expansion upon entry to i?5(Crit); [DHL^ Lemma 
2] guarantees that exponential expansion occurs at the end of a binding period. Since any 
return must occur at a free entry to Bs{c*), we may concatenate these estimates as many 
times as needed in order to obtain (Al)(a) at any return time However, once the hole 
is introduced, a partition element may fall into the hole during a bound period and so the 
return time with hole, i?, may be declared when there has not been sufficient expansion to 
satisfy (Al)(a). Since this property is only needed to prove Lemma 4.1, we give an alternate 
proof of this lemma which uses (Al)(a) only for R. 

Proof of Lemma 4-i for {F, A). First note that because (Al) is satisfied by {F, A), Lemma 4.1 
holds for lifts / o tt of / G C"'{I), with a > — log/5/logr. Here r is the rate of expansion 
from (Al) and (3 is the constant chosen for the symbolic metric on A (see Section 2.1.1). 

The separation time s(-, ■) is shortened by the introduction of the hole in the tower so 
that the new separation time satisfies s{x,y) < s{x,y). Thus the separation time metric is 
also loosened on A: 

d^ix, y) := I3<^^y^ > /3'^-'y^ =: ^x, y). (4.11) 
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Thus if / is Lipschitz with respect to dp on A, its restriction to A is also Lipschitz with 
respect to djs. 

Now for / G C°'{i), with d > — log/?/ logr, we have f on E Bo{A) by Lemma 4.1. Then 
by (I4TTD . / o vr G i3o(A) as well. □ 

Step 3. Property (A2). We focus first on finding an index set J C N x N such that (A2)(a) 
is satisfied. The following lemma is the analogue of fl2.4l) for T, the map with holes. (See 
also 102 Lemma 5.2].) 

Lemma 4.6. Let 5 he the radius of Bs{c*) as above. Let hq = n{S) be defined by (12.41) . For 

h sufficiently small, given any interval uo d I such that \uj\ > 6/3, we have 

2no 

y r D J mod 

1=0 

Proof. Suppose there exists an interval A such that A fl (U^^qT'o;) = 0. Since A C T"'°uj, we 
must have A fl T'^'^H^ ^ for some such that H T*fea; ^ for some integers ifc, i'^ with 
"ik + i'k = f^o- III other words, the piece of uj that should have covered part of A fell into 
before time no. 

Condition (B2)(b) implies that there exists 1 < j/t < A; such that 

mill dist{gk,j„f\) > 0. 

l<£<no 

Thus for small h, we have T^{Hk) H Bhigkj^) = for all 1 < ^ < uq. So Bh{gk,i) is covered 
by time no under T, i.e., Bhigkj^) T'^^oj. 

Since T{hk) = T{gk^j^), condition (B2)(a) says that Bh{gk,jk) cannot fall into the hole 
before time no for small h. Thus T^''Bh{gk,jk) — T^''Hk and we conclude that the part of A 
which should have been covered by the piece of uo that fell into Hk is at the latest covered 
at time no + ik by an interval passing through Bh{gk,jk)- 

Doing this for each k, we have A C l^k=iT'''Bh{gk,jJ and so A C U-";^T^cj. □ 

Lemma [4.61 implies that / can be covered by the projection of finitely many levels of A, 
say the first A^. If it{Z£j) C 7r(Z^/jv) and both < N, we eliminate from our index 
set, but retain By (14. 6p . the remaining index set J C {0, . . . , — 1} x N satisfies 

(A2)(a) and (A2)(b). As before, set Zj = U(^ij)(zjZ(,j. 

By (14. 5p . Jtt{F^x) = (T^)'(7rx) so that we are only concerned with the first A^ iterates of 
T^. It is clear that if Critg = and T is globally C^, then Jti'Izj G Bq by Lemma [4. II and so 
(A2)(c) is satisfied. 

In the case when Grits is nonempty, (A2)(c) does not hold and so Proposition 14.21 must 
be modified. We do this in Step 5 of the proof when we address the convergence property 
for the a.c.c.i.m.. 

Step 4- (-^! A) is mixing. Since we have constructed a tower over a single base, it suffices 
to show that g.c.d.(i?) = 1. The fact that T is nonrenormalizable guarantees that for the 
infinitesimal hole H^'^\ (F^o), A(°)) can be constructed to be mixing by making g.c.d.{R^^^) = 
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1. Indeed, (12 ■4p implies that as in the case of expanding maps, we can simply wait one 
time step on a given return to destroy any periodicity in R^^\ Once this is accomplished. 
Lemma 14.41 implies that {F^^\A^^'>) is mixing for H G TC{h) with h small enough that 
g.c.d.(i?*^^^) is still 1 (by making Uh sufficiently large). But since holes cannot affect returns 
before level Uh in A, the tower with holes, we have that g.c.d.(-R) = 1 as well. 

Step 5. Convergence property. We have already verified in Steps 2 and 3 that (F, A) satisfies 
(Al) and there is an index set J satisfying (A2)(a) and (A2)(b). 

By (14.51] , the problem spots where (T^)' (and therefore Jvr) are unbounded are neighbor- 
hoods of T^(c) for c G Grits, k > 1. In fact, we only need to address the iterates of c G Crit^ 
up until the time when a neighborhood of T^{c) is covered by some other element in the 
tower on which the derivative is bounded. Since / is covered by the first levels of A, we 
need consider at most the first A^ iterates of c G Crit^. 

Notice that if a neighborhood A of T^{c) can only be reached by an interval u originating 
in a neighborhood of c, then due to the exponential partition of Bs{c) which subdivides u, 
there are countably many elements Z G Ai whose projections cover A and in which |7r'| 
becomes unbounded the closer that nZ is to T^{c). 

Fix e > and let Afeic) denote the e-neighborhood of those iterates of c G Crit^ which 
can only be reached by passing through Bs{c). Let = Uc6Crits-M;(c) and let Ji C J be 
the index set of those elements Z such that nZ C A^. Denote by the indicator function 
of the set {y E I : y E vrZ^ ,,-, (£, j) G Ji}. 

Now let / G ^ and write f = fo + fe where := / • 1^ and fo = f — fe- We define a lift 
of / by / = / o vr ■ Jvr on elements of J as in the proof of Proposition 14.21 The lifts fo and 
/e are defined analogously. Although f ^ B, we do have /q G Bq by Proposition 14.21 since 
/o o TT = on those elements in which Jvr becomes unbounded. Using Corollary 13.61 precisely 
as in Section 1121 we have 

hm A-"/:"/o = c(/o)<^ (4.12) 

n—^oo 

where convergence is in the L^-norm and c(/o) > 0. Since 

our strategy will be to show that the L^-norm of the second term above can be made 
uniformly small in n by making e small. This will imply that \~"'C^f — > c{f)(p in L^{m) 
where c(/) = lim£^oc(/o) > 0, implying the desired convergence result. 
Estimating |>C"/e|Li(rn) is equivalent to estimating 

[ C''fedm = X-" Yl [ fedm<X-" ^ l/UI Jvr,,,|oom(A" n Z,,,). (4.13) 

Since we are concerned with finitely many problem spots where the derivative blows up, 
it suffices to show that the sum in (I4.13P over elements in Ji corresponding to one of the 
problem spots is proportional to e. For simplicity, we fix c G Crit^ and denote by Ae the 
set of elements in A projecting to the e-neighborhood of T(c). There exists > such 
that if Z E As, then tcZ lies in an element of the partition = T(c — e"*^^^, c — e~^) and 
E+ = f{c + e-^ c + 6"'=+^) with k > k^. 
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For Z£ ,,■ G As, let Zqj = F~^Zij. We split the sum in (14.131) into those elements Z E Ag 
with R{Z) > n and those with R{Z) < n. Let < £c < 1 denote the critical order of c. 

We estimate terms with R{Z) < n using Corollary 13.51 and the bounded distortion given 
by (Al)(b) for Jvr. 



<C" / Jn\-^dm<C'( [ {J7iYdmy^''( [ 

JAe:R{z)<n ^JAe.R{Z)<n ^ ^JA 



X'Rp/(P~i) dm 

Ae.R{Z)<n 



(4.14) 



where I <p< 1/(1 - 4)- By (gSD, we have Jtt^j = |(T^)'Uo,J so that if vr(Z^j) C we 
have Jvr^j ~ e'^'-^^^''-*. Also, JTr^j has bounded distortion across all Z^j that project into a 
single i?^. So we estimate the first factor in (14.141) by 

Zi^jeAe.R{Z)<n k>k^.„ZcEt /.,^N 

(4-15) 

< ^ (-<gfe(l-^c)Pg-A: ^ ^g_fc,(l-p(l_^,))_ 

To estimate the second factor in (I4.14p . notice that if irZ C -E^, then R{Z) > \ogk. Thus 
J2 A-^(^)P/(P-i)m(Z) < 5^ 5^ A-^-^/(P-i)m(Z) 

Zf.jeA:R(^)<n r>logfc, H(Z)=r 

(4.16) 

< c ^ (\-p/ip~^)eY < c"(A-p/(p-i)0)i°sfc. 

r>log fcg 



To estimate the terms of (14. 13p with R{Z) > n, notice that for such Z, A" Ci Z = Z. 
J2 |^7r,jUm(Z) < CA-^^e^^^i-^^) ^ m{Z) 

ZeAe:R{Z)>n k>k, iTZ<ZE^:R{Z)>n 

< CA~" Y e''^^~^''^m{Ae n Ti-^E^ n {i? > n}). 

We let y4fc„ = n Ti'^E^ fl {i? > n}. On the one hand, since R > n on A^^n, we have 
^(^fc,n) < C6'"; on the other hand, m{Ak^n) < e"'^ by definition of the partition. Choose 
< 7 < £c and write m{Ak,n) = ^{Ak^nY^iAk^nY'^ ■ Then 

^"^ Y l^7rfj|oom(Z) <CA-"Ee^(^-^^)r^e-^(^-^) <C"(A-^^^)'^e-'==(^=~^) (4.17) 

Z£As:R>n k>ks 

Putting together fl4l5l) . (14161) and fliTfl) we see that f|4T3l) becomes 

A"" y Cfe dm < Ce-'=-(i-f(i-^=»/P(A"^0(^'"^)/^')^°s^^ + C"(A"^e^)"e-^=(^=-^\ (4.18) 
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When the holes are sufficiently small, i.e., when A ^ > max {e^^0(p~^)/p}^ this quantity can 
be made arbitrarily small independently of n. 

Step 6. Exponential rate of convergence. We show that the convergence of \~'^C^f estab- 
lished in Step 5 occurs at an exponential rate. Since f\L^{m) = |'^^"/|Li(m), it suffices to 
show this convergence for the lift on A. 

Let e = e"*" for some small constant t to be chosen later. Define as above and notice 
that outside of AQ, the norm of for i = 1, . . . , is proportional to e~'^^*^^'=~^'' where 
> is the minimum of the critical orders of c G Crit^. Since fee is on the order of — loge, 
we have \T^\j\j^Jc^ = C(e*"'^^~^™^). Let Zj = U(£j)gjZ£j and let Zj^^ C Zj denote those 
elements which project into A/'e. Then 

ll^^l^,A2,.JIo<Ce*"(2-'?"). (4.19) 

Define /o, /o, A, fe as in Step 5. By Lemma SH (ICTj) implies that ||/o|| < Ce*"^^-^"") so 
that by Corollary 12.51 

|A-"/:Vo - cifoWlLi^m) < ||A-"/:"/o - cifoM < ^6*^^(2-^^")^," (4.20) 

Next, when the holes are sufficiently small, A"^ > max{9^ ,9^p-^^/p}, so flilSD yields, 

A-"|/:" /ell < Ce-*"(i-P(i-^?'"»/P + C"e-*"(^^'°-^) < C'e"*"-^' (4.21) 

for some 7' > 0. In particular, we see from (I4.2ip that the constants c(/o) converge to c(/) 
exponentially fast as well. 

|c(/) - c(/o)| = lim A-"(|/:"7|i - |/:"/o|i) = lim A"" / C^^f^dm < Ce"*"^' 

This estimate together with fl4.20p and fl4.2ip imply that X^"Cf — ^ c{f)(f exponentially fast 
once we choose t < — logo"/ (2 — t^'"). 

Step 7. Unified escape rate. By Step 5, for each f E Q, we have / G L^{m) such that 
V^f = f and A""/:^/ = c(/)v? for some c(/) > which implies X-'^C^f = c{f)^ by fO]) . 
Letting fj = fm, we have 

lim -logf/(r) = lim -log|£?;/|i =logA. 

n— >oo 77, 71— >oo n 

□ 

4.3.1 Small hole limit 

Proof of Theorem l2l4\ By (jM]) and fICTIil . the quantity q := E^>i "^(^^)/?"^^"^^ can be 
made arbitrarily small by choosing h to be small. By Proposition \3.1[ the escape rate A is 
controlled by the size of q so that A — 1 as g — > 0. Thus A/^ 1 as /i 0. 

Since flh is a sequence of probability measures on the compact interval J, it follows that 
a subsequence, {fik} corresponding to hk, converges weakly to a probability measure fioo- 
We show that /ioo is an absolutely continuous invariant measure for T. Since there is only 
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one such measure, this will imply that in fact the entire sequence converges to this same 
invariant measure. 

Step 1. jloo is absolutely continuous with respect to Lebesgue. For each H^''\ we have two 
towers: (^F^''\A^^^) which has no holes but is constructed using dH^''^ as artificial cuts as 
described in the proof of Theorem 12.121 and {F^''\ A*^^^), the tower with holes obtained from 
By Lemma [4. 5[ there exist uniform constants C > 0, 6* < 1 such that m{Af^'^) < C6^. 

We have an invariant density pk on A'^'^^ and a conditionally invariant density on A'^'^^ 
By Proposition 13.11 both pk,fk ^ where M is independent of k (to see the results for 
Pk, simply apply the proposition to the case H = 0). In addition, by Proposition I2.4( i). 
Pfc > « > and the constant a is independent of i because the uniform decay given by 
Lemma [4.51 implies that Aq'^^ must retain some positive minimum measure for all k. 

Let 71 k be the projection corresponding to A'^'^^ and let Hk = ■^fcUc^)- Letting p denote the 
unique invariant density for T and J^k the Jacobian of ffk etc., we have for each k, 



p{x)=V,M^)= J2 M^)--=V.,M^) J2 J^y (4-22) 



Now for any e > 0, choose L > such that J2e>L^^f^ < ^- Next choose ko such that 
for all k > ko, X^^ < 2. Now for any Borel A C I, 

By f l4.22l) . the measure pk,L has density (pk,L bounded independently of A; > ko: 

ye7T-^x:e{y)<L y&t^';: x-l{y)<L ^ ' 

where i{y) is the level of y in A'^'^^. The remaining measure pk,+ has small total mass: 

PkAl) = $^/iA.(A,) <J2Mf3-'m{Ae) < ^ CM/?"'^^ < e. (4.24) 
e>L e>L i>L 

Putting together (14.231) and (I4.24p . we see that p^o = I^oo,l + l^oo,+ where Poo,L has density 
bounded by 2Mp/a while Poo.+ is possibly singular with total mass less than e. Since this 
is true for each £ > 0, we conclude that in fact p^o is absolutely continuous with density 
bounded by IMpja. 

Step 2. Poo is invariant. Let Ik = I\H^''^ and as usual, let IJ! = □"^QT'-'/fc and Tk = T\ii. 

By Step 1, Poo has density bounded by 2Mp/a, which is in L^(m). Thus poo gives 
measure to the singularity points of T. This fact allows us to write, for any continuous 
function / on /, 

Pooif ° T) = Urn pkif o f) = Urn / foTkdpk+ fofdpk- (4.25) 
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Since — 1, the first term in fl4.25p is equal to 

lim / /d((Tfe)*/ifc) = lim Afc/iA:(/) = /ioo(/)- 

The second term in f l4.25p is bounded by \f\oo jlk{I\Ik)- This quantity tends to as — oo 
because of the uniform bounds on the densities of flk obtained in Step 1. □ 



5 Equilibrium Principle 

In this section we consider the invariant measures u and z> = 7r*z/ and prove Theorems 12.91 
12.161 and 12.171 We assume throughout that F is mixing and satisfies (P1)-(P3) and (HI). 



5.1 Characterization of D 

Proof of Theorem \2.1(k Let / G C°(X) and note that f o n E Bq. Thus, 
z/(/) = z/(/ o vr) = hm A"" / f o tt dfi 

J A" 

= hm A"" / foTTLfdm = hm A~" / V.„{f o n (f) dm 
= hm A'" / f^dm = hm A"" / f dfi 

where in the first line we have used Proposition 12. 8[ 

The ergodicity of u follows from that of u and the relation X°° = 7r(A°°). If A C X is 
T-invariant, then since F^^ o 7r^^(A) = vr^^ o T^-^i^A) = 7i^^{A), we conclude that n^-^lA) is 
F-invariant. This implies that i^iA) is or 1. 

To prove exponential decay of correlations let /i, /2 € C"{X). Set /i = o vr and note 
that fi dv = /j o TT dv for i = 1,2. So 

hf2oT^dv= [ /i07r/2oT"o7rdz/= / A ^ o vr o F" di/ = / f.f^oF^du, 

X J A J A J A 

from which exponential decay of correlations follows using Proposition 12.81 and the fact that 
fij2eBo. □ 



5.2 Equilibrium Principle on the Tower 

First note that since F is mixing, Property (P3) implies that there exists an tiq G N such 
that D Ao, for all n > uq and Z' e Z^^. 

Let z/Q := ^;(i^i^|Ao and define ^ = : A°° n Aq O. Let Rn{x) = Y^lZl RiS'^x) be the 
n^^ return time starting at x and let A^^ be the set of S*- invariant Borel probability measures 
on A~ n An. 
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Proposition 5.1. The measure uq is a Gibbs measure for S and S is topologically mixing 
on A°°. Accordingly, 

sup !hr„{S)+ [ log((J5)-U-^)(i7yo| = 0. 
Vo&Ms K J Ao ) 

and vq is the only nonsingular measure rjo G JAs which attains the supremum. 

We first prove the following two lemmas. 

Lemma 5.2. Let Xo be the indicator function for Aq. There exists a /cq G N such that for 
all k > ko and all x e Aq, 

\-'^-\x)C\^Xo){x)>v{xo)/'2. 

Proof. Note that Xo ^ so that \~^C^{xo) ~^ c{xo)^ in the || • ||-norm. This means that 
the functions converge pointwise uniformly on each level of the tower. Thus 

< v{Ao) = lim \-''^-\x)C\xo^){x) 

fe— >oo 

uniformly for x G Aq. The uniform convergence implies the existence of the desired k^. □ 
The next lemma establishes the Gibbs property for uq. 

Lemma 5.3. Let . . . ,in-i\ C Aq denote a cylinder set of length n with respect to S. 

Then there exists a constant C > such that for all n, 

C-^A-«"(^*)(J5"(z/,))-i < i^([^o,^l, ■ • ■ ,in-i]) < CA-^(^*)( J5"(?/,))-i 

where y^: is an arbitrary point in [io,ii, . . . ,in-i] CLnd JS"^ is the Jacobian of S"^ with respect 
to m. 

Proof. Let xa be the indicator function of A := [ioji-i, ■ ■ ■ ,in-i]- Although xa ^ we do 
have C'xa G B for k > n since 1-cylinders are in B. Thus v^Xa) is characterized by the 
limit I'ixA) = linifc \^''ip^^jC^{(pxA)- Since this convergence is in the || ■ ||-norm, it is uniform 
for X e Aq. 

For X e Ao and k > RniA), 

^''{^xa){x) = 'Piy)xA{y)gk{y) 

F^y=x 

= Y 'Piy)9k-Rr.{A){F^"y)gRr.iy) (5^) 

y&A,Fl"y=x 

Y ^iy)9k-Rn(A){z)gR^{y), 

2eF«™(A),F«=-«nW2=a; 
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where in the last hne we have used the fact that F^"^^^\a is injective. Note that by (12. ip . 
we may replace Qr^Xv) by gR.Sy*) where G A is an arbitrary point. Also, since both y 
and F^"?/ are in Aq and 6 < (p < on Aq, we may estimate fl5.ll) by 

C.^{^Xa){x) <CgR^{y^) ip{z)gk-R^{A){z) 

<CgRSy^) ^ ip{z)gk-R„{A){z) (5-2) 

= CgRM^'''''-^^^vi^) = CgRM^'^^'-^^^vix). 

Combining this estimate with the definition of u and noticing that gR^ = {JS"')~^, we have 
the upper bound, 

iy{A) < C(J5"(i/,))-U-^"(^). 

To obtain the lower bound, we again work from equation (15.11) and choose k > Rn{A) + 
no + ko. 

> Y ¥>{y)9k-R„{A)-no{z)gno{F'^y)9RM- ^^'^^ 

2GF«"+"o(A)nAo 



pk-R„(A)-nQ ^_ 



-x 



We again replace gR„{y) by gR^iy*) using (12.11) . Note also that s^noUo is bounded below 
and that F^^^'^^y E Aq. Since we are only considering y, z E Aq, we know that ^p{y) is 
proportional to (p{z). Thus 



^''{vXA){x)>CgRM Yl ^^^^^^^ 

-R„{A)-no{z) 

^GF«"+"0(A)nAo 

pk — Rn{A)—nQ^—^ 

= CgR„{y^) Y Xo{z)'f{z)gk^R„(Ayno{z) ^^'^"^ 

= CgR^{y.)C^-''-^^^--^\Xo^){x). 

where in the second to last line we have used the fact that _F^"+"-o(y^~) 3 Combining 
equation (15. 4p with Lemma [5^ since k — Rn{A) — uq > kQ, we estimate 

C\^XA)ix) > C<7«Jy,)A'=^^"(-^)-"'V(^)^- 

The lower bound follows from the definition of u. □ 

Proof of Proposition 15. il Lemma 15.31 implies that z/q is a Gibbs measure with potential = 
— log(A^JS'). We define a topology on A using the cyhnder sets with respect to Z as our 
basis. The fact that S'|AonA°° is topologically mixing follows immediately from the condition 
that F be mixing on elements of Zq^ together with the finite images condition (P3). This 
can be seen as in the proof of Proposition I2.8( ii) in Section 13.31 
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The formalism of [S] completes the proof of the proposition. Theorem 3 of [S] implies 
that 

Pg{(1>)= sup {h,,{S)+ [ ^dr]o] (5.5) 
voeMs I JAo ) 

where Pg{4') = sup{Ptop(0|y) : Y C Aq H A°°, top. mixing finite Markov shift} is the Gure- 
vich pressure of for 5. 

Lemma 15.31 of this paper combined with [SI Theorems 7 and 8] implies that Pg{4') = 
and that the supremum is obtained by our Gibbs measure uq. In addition, uq is the only 
nonsingular S'-invariant probability measure which attains the supremum. □ 

We now prove an equilibrium principle for F using the one for S. 

Lemma 5.4. Let Aip be the set of F -invariant Borel probability measures on A. For any 
r] e Mf, let r/o = ^^^(^^?|ao- Then 



log J Sdrio= / log J Fdrj / RdrjQ. 
Ao J A Jao 

Proof. Notice that r/o E Ms- For x E Aq, JS{x) = JF^{x) = Uf^Q^~\jF{F'x). But 
JF{F^x) = 1 for i < R{x) — 1, so that JS{x) = JF{F^~^x). In other words, we have 



/ logJSdrio = ri{Ao)-^ [ log J F dr] = v{Ao)-^ f log J F dr]. 

Jaq Jf-^Ao J a 



(5.6) 



Since the measure of a partition element Zi^j E Z does not change as it moves up the 
tower, we have 



So by definition of r^o, we have 



l = J2viZi,j) = J2^iZo,)RiZo,)= [ R 



drj. 



[ Rdr]o = v{^or' [ Rdr] = 7]{Aor\ 

JAo JAo 



This, together with fl5.6p . proves the lemma. □ 

Since S = F^ is a first return map to Aq, the general formula of Abramov [X] implies 
that hrf{F) = /i^f, (S')?7(Ao) so that 



h,,{S) = v{Ao)-'h,{F) = K,{F) [ Rdr]o. 

JAo 



(5.7) 



Since f^^ Rdrjo = ri{Ao) ^ ^ and there is a 1-1 correspondence between measures in M.s 
and M.F-, putting equation (15. 7p and Lemma [531 together with (15.51) . we have 



logA= sup < /i^(F) — / log J Fdrj 

V€Mf I J A 



{5.t 



Moreover, u is the only nonsingular F-invariant probability measure which attains the supre- 
mum. This completes the proof of Theorem 12. 9[ 
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5.3 An Equilibrium Principle for (T, X) 

The proof of Theorem 12 . 1 71 consists simply of projecting (15.81) down to X to get the desired 
relation for T. 

Note that for any ?/ G A^f, we can define fj = n^r] G Air- Then given a function / on 
X, we have f dfj = J^f°TT drj. From the relation tt o F = T o tt, we have 

j7r{Fx)JF{x) = JT{'kx)D'k{x) 

for each x G A. Thus, 



log JT drj = (log JF + log Jn o F — log Jn) drj = log JF drj 

X J A J A 

since the last two terms cancel by the the F-invariance of r]. 

The fact that h^{F) = hf^(T) follows since n is at most countable-to-one ( [But Proposition 
2.8]). Thus 

hr,{F)- / \og J F d7] = hfi{T) - I log JT drj 

J A Jx 

for each t] E Aip, which proves the theorem. 
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